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In 1981 Michael Green, John Schwarz and |
computed the four-point one-loop S-matrix
element for N=4 Yang-Mills and N=8 Supergravity
and found that it is given by a box-diagram with
kinematical factors.

It looked to me as if there was a scalar field theory
behind.

How can one describe these theories with a scalar
field? (Wrong but useful idea!)




N=4 in the light-cone gauge

Make the gauge choice A*=0

Choose z1T = \% (29 + 23) as the time.

We can then solve for A”since it satisfies a kinetic
equation of motion and linearly combine the transverse
physical degrees of freedom as

A= 1A2 (A+i A%) and its c.c
For the fermions we choose

V=12yv+y.¥Y+I12y.y+:¥ =¥+




Similarly Y. satisfies a kinetic equation of motion and
can be eliminated and the two-component Y+ can be
written as a complex Grassmann odd field VY.

We can now introduce a superspace
Tt x, X, 0", On

and span the N=4 supersymmetry

{Qq—?a Q—I—n} _\/55?2,1P+
{QTa Q—n} _\/§5va_
{QF.Q-n}y = —V25'P,

When we act straight on a field we write g




The kinematical ¢'s will be represented by
(f ="+ 500 Gy, = On— 00T,

and the dynamical ones as
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On this space we can also represent ""chiral”
derivatives anticommuting with the supercharges

Q.

dMm = _gm _ KN om a—l—, Cjn — Qn a—|—

V3 On+ 75

To find an irreducible representation we have
to impose the the chiral constraints




dm¢p = 0 : dmd =

on a complex superfield ¢(z*, z, 7,0, 0,). The
solution is then that

o =¢(t,y =127 — 500y, x, T, 0.
It is particularly interesting to study the cases
N = 4 x integer. For those values one can

impose a further condition on the superfield ¢
namely the "inside out” condition

dmy dmy “JmN/Q—l JmN/Q ¢ =
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N =4
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The full action could the be found as
S = —[d% [d*0d"s
{ &a%¢a n %fabc<i+ (Ea 305 6° + C_C_>
_ 42 pabe pade <8i+( st o) L 8+ (3T 59)
+ 8585 ) b
With this action we (Brink, Lindgren and Nils-

son 1982) proved that the perturbation expan-
sion is finite.




We also realized that the maximal supergravity could
be written in this way

N =38
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How do we construct the interacting theory!?

We will only consider massless theories so we
solve the condition p? = 0. We then find

p:

HE
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The generator p— is really the Hamiltonian.




We have to find representations to the super-
Poincare algebra.

Generators that involve the "time"” are called
dynamical (or Hamiltonians) and the others
kinematical.

The dynamical ones are non-linearly realized.
We have to construct all of them.

The hard ones are rotations into “time”.The linear
part is
D0
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The N =8 Supergravity action to first order is then
/d4x/d89d8§£ = /c,

_ A _ __
L= gm0+ (57000606 -

where,
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How do we construct the four-point function?

We can do it by trial and error.
Too hard.

Instead we found a remarkable property of
maximally supersymmetric theories.
(with Ananth and Ramond)




The Hamiltonian as a Quadratic Form

The usual relation is that

H={Q™ Q_m}

For both N =4 and N = 8

H:f(s(j_m ¢ 5q_m ¢
Not an anticommutator, but a quadratic form.

With this form we could run a Mathematica program
comparing with the four-point function of gravity.

The result was a four-point coupling with 96 terms.
(In the covariant form there are about 5000 terms.)
with Ananth, Heise and Svendsen.




Higher Symmetries for N = 4 Yang-
Mills T heory

We know that the d = 4 theory is conformally
invariant, i.e. under PSU(2,2|4) even for the
quantum case. We can in fact construct the
whole theory by closing the conformal algebra
by guessing the correct dynamical supersym-
metry generator () _.




(With Kim and Ramond)

Higher Symmetries for N = 8 Super-
gravity T heory

N = 8 Supergravity, unlike N = 4 Yang-Mills,
is not superconformal invariant, however, it
does have the non-linear Cremmer-Julia E77)
symmetry.

How do we implement the E7;7) symmetry!?

Go back to covariant component form (Crem-
mer, Julia and Freedman, de Wit)

L = Lg+ Ly + Lothers

Lg is a Coleman-Wess-Zumino non-linear La-
grangian. The E7 7y is clear.




Ly, can be written as

Ly = - lpwiici,

The Lagrangian is quadratic in the field strengths.
Introduce the self-dual complex field strengths

FHvij — %(Fuvij+iﬁwij)
and

GHVi] — % (G/w i A GV ij)
The equations of motion are given by

(%G,Mj - au <G,twij+G/1/V’é.7.> = 0,
while the Bianchi identities read

8/1/}?’”1/@]' — 8# (F/Ll/ij — Flj/y/]/j) = 0.




Assemble in one column vector with 56 com-
plex entries

o Gluyij + FHY ] B Xuyab
Z - Gurvij _ fpHv iy — y Y " y

where a, b are SU(8) indices, with upper(lower)
antisymmetric indices for 28(28).

This is a 56 under E7 ().

The 70 transformations are

b —abcd
SX MV a —abc Y,uz/cd

SYHY b

d
X,UJ/C ,

Eabcd




We now specialize to the light-cone gauge. We
choose AT = 0 and solve for A—. We then
make non-linear field redefinitions, AY — BY
and CUFk — Dkl to get rid of " time derivatives”
in the interaction terms.

T his will mix up the fields a.nd the Hamiltonian
IS no longer quadratic in B,

We can now read off the E;7)/SU(8) trans-
formations in the vector and scalar fields.

However, the other fields now take part
in the transformations!




E .
The SJEQ) quotient symmetry must commute

with the other symmetries in particular with
the supersymmetry. [§70,dg]¢ = O.

(There is no E;7) supergroup.)

By using that we get the transformations for
all fields in the multiplet.

E7(7)
SU(8)

How can
not, and

commute when SU(8) does

[670,670] = d517(8) 7
Consider the Jacobi identity

([[670,070] , 95l 4105, 070l , 0701+ [[670,05] , 670] )¢ = O

Since [dg,d70] 070 # O, it works! d7g9¢ non-
linear! We only claim that [§g,d70] ¢ = 0. All
fields including the graviton transform under

L7 (7) :
SU(3) and into each other.




Some of the transformations

Vectors:
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We then find that we can write the order &k
transformation as
_ i —mnpq 1
AT oo (Amdndydy e
—  4d,, d dypd, 0120
+ 3d,.d a+¢d d (9+g0)—|—~-
This expression is in fact unique! It can be
rewritten in a very efficient form

izmnpq (6) 12 ( 77d8—|—3 —77d28—|—3¢>
41 on - ot

= d
where d = pEst

8+3<,0




The Hamiltonian

We write

odm o = 630 (0) o 4 53 (D 44 50072 4 4 O(s)

We can now require

[5707 5gyn]30 = 0

Here we can use the inhomogeneity of the 70
transformation

(67001, 62 (D)4 167,00, 52O = 0

This gives the order K2 dynamical supersym-
metry. We can the use the quadratic form to
find the Hamiltonian to order k2. Much simpler
than before!




Possible counterterms for N=8

Let us check first in gravity. We can write the three
point coupling as

§ih = kOt [ea58+mh e_“58+mh]

a?

kO™ (3)2 [ea‘§8+mh e‘aéffrmh}
da

)

a=0

A possible one-loop counter term is

§h = K0T [EOT"h ETTOT ™A

a3,b

E — €a8+b8 E—l — e—a@—ba

and :

Consistent with the algebra for two choices of m and n




This can in fact be generalized to all orders.

§th = wr*TOT [EOT'hET'01R] ,
a2+l pl
1
gi 2141 +(142) 1 7—1a+(1+2)
Sph = w2 | Bot (R E )] I

There is another series starting with

1 _ _
02 h = Kﬁﬁ [EOT*h E~'91h]

S

We are interested in counterterms which are non-
zero when we use the equation of motion.
90

0" h = duh = Zrh+ Ok) .




There are no three-point counter terms for N = 8

since the r.h.s. is not chiral.

When we consider the four-point coupling we have to
use the E7iz) symmetry. Remember how we obtain the

four-point coupling.

(6700 D), 60D o4 (670D, 58 (O = 0

The terms talk to each other pairwise. They have the
same number of derivatives.




A four-point counterterm 5% (2) must satisfy

(670D, 684" P e = 0
Furthermore it has to satisfy all the commutations
rules with the full N = 8 superalgebra.
Well-defined problem but algebraically difficult.
We still do not have the final result.

| wish you had been part of the collaboration, Stanley!

Congratulations to the first 80!




