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LC2 Formalism

Light-Cone Gauge: 

                 is replaced through eqs. of motions

Physical Fields:  

Light-Cone Coordinates:
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∂∂̄
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Four Complex 
Grassmann Variables

Chiral derivatives 

The number of the Grassmann variables is the same as that of supersymmetry of the

theory. For example, m run form 1 to 4 for the N = 4 Super Yang-Mills theory and the

Grassmann variables θm transform as the 4 and θ̄m as the 4̄ under SU(4). For the N = 8

Supergravity in four dimension, they transform as θm ∼ 8 and θ
m ∼ 8̄ under SU(8)

(m = 1 , · · · 8).

In Superspace, one can define functions that contain the physical fields together

with the Grassmann variables, which are called superfields. The supersymmetric

transformations on superfields are manifest because they are represented as rotations

and translations in Superspace. In order to fit the physical fields into superfields, one may

constrain the superfields with the chiral derivatives

dm ≡ − ∂

∂θ̄m
− i√

2
θm∂+ , d̄m ≡ ∂

∂θm
+

i√
2
θ̄m∂+ , (2–8)

which satisfy canonical anticommutation relations

{
dm , d̄n

}
= − i

√
2δm

n∂
+ . (2–9)

The form of the constraints depends on the number of supersymmetries and the detail is

discussed in the following subsections.

2.1.1 N = 4 Superspace

The N = 4 Superspace is the Superspace that describes the maximally supersymmetric

theories with 16(= 2N) physical degrees of freedom in various dimeions. In this thesis, we

restrict N = 4 Superspace to the one in four dimensions, and thus it describes the

maximally supersymmetric theory with 16 physical degrees of freedom: N = 4 Super

Yang-Mills.

The physical degrees of freedom of N = 4 Super Yang-Mills theory, the two gauge

fields defined as
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[ Brink, Lindgren and Nilsson ’82 ]

        N=4: Home of the

Constrained Chiral Superfield 

Inside-out Constraint:

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)
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h +
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i
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√
2

6
θm θn θp εmnpq χq(y)

d̄m d̄n φ =
1
2

εmnpq dp dq φ̄

{ qm
+ , q̄+ n } = i

√
2δm

n ∂+

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ
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a

a aaa

aa

aa

Aa =
1√
2

(Aa
1 + i Aa

2) , Āa =
1√
2

(Aa
1 − i Aa

2) , (2–10)

the six real scalar fields satisfying

C
a
mn =

1

2
εmnpq Ca pq , with ε1234 = 1

and finally four complex spin-1
2 fermions χa m and χ̄a

m (m = 1, . . . , 4), are captured in a

complex superfield [8]

φa (y) =
1

∂+
Aa (y) +

i√
2

θa m θn C
a
mn (y) +

1

12
θm θn θp θq εmnpq ∂+ Āa (y)

+
i

∂+
θm χ̄a

m(y) +

√
2

6
θm θn θp εmnpq χa q(y) , (2–11)

where the light-cone coordinate y are given by

y = ( x, x̄, x+, y− ≡ x− − i√
2

θm θ̄m ) , (2–12)

where 1
∂+ is interpreted as

1

∂+
φ(x−) =

1

2

∫
dξ ε(ξ − x−) φ(ξ) ,

with ε(z) being 1 for z > 0 and −1 for z < 0. The superfield also satisfies the chiral

constraint

dm φa = 0 ; d̄m φ̄a = 0 , (2–13)

as well as the inside-out constraints

d̄m d̄n φa =
1

2
εmnpq dp dq φ̄a , (2–14)
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Chiral Constraint: 

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δq̄+ m
ϕc = q̄+ mϕc

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

∂ δab → ∂ δab +

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

E = exp (η · d

∂+
) E = exp (−η · d

∂+
)

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

E7(7)

1



Super-Poincare Group

2.2 SuperPoincaré Algebra

There are two types of symmetry generators: kinematical and dynamical ones. While

the kinematical generators do not involve the time derivatives and are realized linearly on

fields, the dynamical generators do involve time derivatives and, in general, are realized

non-linearly on fields. In order for the dynamical generators to be realized linearly, one

needs to introduce auxiliary fields. Unfortunately, finding such auxiliary fields is not

an easy task and there is no guiding principle for their existence [4]. In LC2 formalism,

therefore all the dynamical generators are non-linearly realized because there are no

auxiliary fields.

2.2.1 Kinematical Super Poincaré Generators

In this section, we review how the kinematical generators represented on light-cone,

which act linearly on the chiral superfield

δϕ = iωKϕ ,

where K is a kinematical Super Poincaré generator and ω is the transformation parameter.

All the transformations ensure the chirality

dm δϕ = 0 .

There are three kinematical momenta

p+ = − i ∂+ , p = − i ∂ , p̄ = − i ∂̄ , (2–21)

The kinematical Lorentz generators includes the transverse SO(2) rotation

j = x ∂̄ − x̄ ∂ +
1

2
( θm ∂

∂θm
− θ̄m

∂

∂θ̄m
) − λ , (2–22)

where
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There are two types of symmetry generators: kinematical and dynamical ones. While

the kinematical generators do not involve the time derivatives and are realized linearly on

fields, the dynamical generators do involve time derivatives and, in general, are realized

non-linearly on fields. In order for the dynamical generators to be realized linearly, one

needs to introduce auxiliary fields. Unfortunately, finding such auxiliary fields is not

an easy task and there is no guiding principle for their existence [4]. In LC2 formalism,

therefore all the dynamical generators are non-linearly realized because there are no

auxiliary fields.

2.2.1 Kinematical Super Poincaré Generators
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λ =
i

4
√

2 ∂+
( dp d̄p − d̄p dp ) , (2–23)

measures the helicity of the superfield. For example, λ = + 1 for a chiral superfield and

− 1 for an anti-chiral superfield. The action of this transverse rotation generator on the

chiral superfield is then expressed as δ φ = i ω j φ. It is worth noting that under this

SO(2) rotation, the translation generator p and p̄ transform differently as

[ j , p ] = p , [ j , p̄ ] = − p̄ ,

and thus one can also assign helicity, in a sense that the helicity indicate how an operator

transform under SO(2), on these generators (1 for p and −1 for p̄).

The remaining kinematical generators are

j+ = i x ∂+ , j̄+ = i x̄ ∂+ , j+− = i x− ∂+ − i

2
( θp∂̄p + θ̄p ∂p ) + i . (2–24)

We must note that the j+− generator is, in fact, a dynamical generator since it contains

the light-cone time derivative; however, it becomes kinematical if one works at x+ = 0

plane, and thus here it is assumed that we work at x+ = 0.

Finally, the kinematical supersymmetry generators qm
+ and q̄+ m

1

qm
+ = − ∂

∂θ̄m
+

i√
2
θm∂+ , q̄+ m =

∂

∂θm
− i√

2
θ̄m∂+ , (2–25)

which satisfy anticommutation relation

{ qm
+ , q̄+ n } = i

√
2 δm

n ∂+ = −
√

2 δm
n p+ , (2–26)

and anticommute with the chiral derivatives

1 We may neglect “+” if it is obvious, and use qm and q̄m instead of qm
+ and q̄+ m
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Kinematical Generators  

Translations, SO(2) rotations

Kinematical Susy

(respect chirality)
temperature?

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)
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Kinematical Generators 
act linearly on the fields 

example: kinematical Susy  

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1
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(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

∂ δab → ∂ δab +

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

E = exp (η · d

∂+
) E = exp (−η · d

∂+
)

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

1
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δkin
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)
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)
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) E = exp (−η · d

∂+
)

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

1

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

[ δkin
s , δkin

s̄ ]ϕ =
i√
2
εmε̄m∂+ϕ =

i√
2

δkin
t− ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

∂ δab → ∂ δab +

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl
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E φcE∂+ φd

)
η=0
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ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

E = exp (η · d

∂+
) E = exp (−η · d

∂+
)

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

1

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

x± =
1√
2
(x0 ± x3)

∂± =
1√
2
(−∂0 ± ∂3)

x =
1√
2
(x1 + ix2) x =

1√
2
(x1 − ix2)

∂ =
1√
2
(∂1 + i∂2) ∂ =

1√
2
(∂1 − i∂2)

{ qm , q̄n } = i
√

2 δm
n ∂+

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+
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√
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∂∂̄
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he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

[ δkin
O , δkin

O′ ]ϕ = δkin
[O,O′] ϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+
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{ q m
+ , d̄n } = { dm , q̄+ n } = 0 . (2–27)

2.2.2 Dynamical Poincaré Generators

As we discussed earlier, all the dynamical generators are realized non-linearly on the

chiral superfield. Therefore, their action on the superfield is nontrivial. However, the form

of the dynamical generators without interactions are as simple as the kinematical ones. We

here list those without interactions. The light-cone Hamiltonian is given by

p− = − i
∂∂̄

∂+
. (2–28)

The dynamical Lorentz generators are the boosts,

j− = i x
∂∂̄

∂+
− i x− ∂ + i

(
θp∂̄p − λ− 1

) ∂

∂+
,

j̄− = i x̄
∂∂̄

∂+
− i x− ∂̄ + i

(
θ̄p∂

p + λ− 1
) ∂̄

∂+
. (2–29)

They also preserve chirality because

[ j− , dm ] =
i

2
dm ∂

∂+
, [ j− , d̄m ] =

i

2
d̄m

∂

∂+
, (2–30)

and satisfy the Poincaré algebra. In particular

[ j− , j̄+ ] = − i j+− − j , [ j− , j+− ] = i j− . (2–31)

The dynamical supersymmetry generators are then obtained by boosting the kinematical

supersymmetries

qm
− ≡ i [ j̄− , q m

+ ] =
∂̄

∂+
q m

+ , q̄−m ≡ i [ j− , q̄+ m ] =
∂

∂+
q̄+ m . (2–32)
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here list those without interactions. The light-cone Hamiltonian is given by

p− = − i
∂∂̄

∂+
. (2–28)

The dynamical Lorentz generators are the boosts,

j− = i x
∂∂̄

∂+
− i x− ∂ + i

(
θp∂̄p − λ− 1

) ∂

∂+
,

j̄− = i x̄
∂∂̄

∂+
− i x− ∂̄ + i

(
θ̄p∂

p + λ− 1
) ∂̄

∂+
. (2–29)

They also preserve chirality because

[ j− , dm ] =
i

2
dm ∂

∂+
, [ j− , d̄m ] =

i

2
d̄m

∂

∂+
, (2–30)

and satisfy the Poincaré algebra. In particular

[ j− , j̄+ ] = − i j+− − j , [ j− , j+− ] = i j− . (2–31)

The dynamical supersymmetry generators are then obtained by boosting the kinematical

supersymmetries

qm
− ≡ i [ j̄− , q m

+ ] =
∂̄

∂+
q m

+ , q̄−m ≡ i [ j− , q̄+ m ] =
∂

∂+
q̄+ m . (2–32)
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Notice that these are the “square-roots” of the light-cone Hamiltonian, in the sense that

{ qm
− , q̄−n } = i

√
2 δ m

n

∂∂̄

∂+
= −

√
2δm

n p− , (2–33)

implying that the light-cone Hamiltonian is a derivable quantity from the dynamical

supersymmetries.
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Dynamical Generators  (linear only for free theories)

Hamiltonian

Boosts

Dynamical Susy (square root of the Hamiltonian)

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

x± =
1√
2
(x0 ± x3)

∂± =
1√
2
(−∂0 ± ∂3)

x =
1√
2
(x1 + ix2) x =

1√
2
(x1 − ix2)

∂ =
1√
2
(∂1 + i∂2) ∂ =

1√
2
(∂1 − i∂2)

{ qm , q̄n } = i
√

2 δm
n ∂+

{ dm , q̄n } = { qm , d̄n } = 0

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

δdyn
O ϕ = δdyn,free

O ϕ + δdyn,int
O ϕ = Oϕ + non− linear

[ δkin
O , δkin

O′ ]ϕ = δkin
[O,O′] ϕ

[ δkin
O , δdyn

O′ ]ϕ = δdyn
[O,O′] ϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m . (1)

4



Dynamical Generators act non-linearly   
(linear for free theories)

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

x± =
1√
2
(x0 ± x3)

∂± =
1√
2
(−∂0 ± ∂3)

x =
1√
2
(x1 + ix2) x =

1√
2
(x1 − ix2)

∂ =
1√
2
(∂1 + i∂2) ∂ =

1√
2
(∂1 − i∂2)

{ qm , q̄n } = i
√

2 δm
n ∂+

{ dm , q̄n } = { qm , d̄n } = 0

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

δdyn
O ϕ = δdyn,free

O ϕ + δdyn,int
O ϕ = Oϕ+

[ δkin
O , δkin

O′ ]ϕ = δkin
[O,O′] ϕ

[ δkin
O , δdyn

O′ ]ϕ = δdyn
[O,O′] ϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+

4

ϕ (y) =
1

∂+
A (y) +

i√
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θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
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∂+
θm χ̄m(y) +
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6
θm θn θp εmnpq χq(y)

x± =
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∂ =
1√
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(∂1 + i∂2) ∂ =

1√
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{ qm , q̄n } = i
√

2 δm
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∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

δdyn
O ϕ = δdyn,free

O ϕ + δdyn,int
O ϕ = Oϕ + non− linear

[ δkin
O , δkin

O′ ]ϕ = δkin
[O,O′] ϕ

[ δkin
O , δdyn

O′ ]ϕ = δdyn
[O,O′] ϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+
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• Maximally Supersymmetric Theory with max spin 1 

• 16 massless states: 8 Bosonic + 8 Fermionic

• helicity:       1        1/2        0       -1/2      -1 
# states:      1         4         6        4         1
  

N=4 Super Yang-Mills

SuperConformal Symmetry PSU(2,2|4)

   (Conformal group SO(4,2) X SU(4) R-symmetry)



qm
− ≡ i [ j̄− , q m

+ ] =
∂̄

∂+
q m

+ , q̄−m ≡ i [ j− , q̄+ m ] =
∂

∂+
q̄+ m . (3.14)

These are the “square-roots” of the light-cone Hamiltonian, in the sense that

{ qm
− , q̄−n } = i

√
2 δ m

n
∂∂̄

∂+
. (3.15)

All operators have been constructed so as to be Hermitian with respect to the
quadratic form

( φ , ξ ) ≡ 2i

∫
d4x d4θ d4 θ̄ φ̄

1
∂+

ξ , (3.16)

where φ and ξ are chiral superfields. In the fully interacting theory, the kine-
matical superPoincaré generators do not change, still acting linearly on the
superfields, but the dynamical generators act non-linearly, as we shall discuss
in section 4.

3.2 Superconformal Algebra

In this section, we complete the construction of the PSU(2, 2| 4) generators. Our
procedure is to start from the simplest kinematical generator in the conformal
algebra, and generate the rest by commutation.

The easiest starting point is the “plus” component of the conformal trans-
formations,

K+ = 2i x x̄ ∂+ . (3.17)

For ease of algebra, we continue to work at x+ = 0, where K+ is kinematical.
Since we already know j+−, the commutation relation

[K+, p− ] = −2i D + 2i j+− , (3.18)

yields the dilatation generator,

D = i

(
x−∂+ − x∂̄ − x̄∂ − 1

2
θ

∂

∂θ
− 1

2
θ̄

∂

∂θ̄

)
, (3.19)

which satisfies

[x , D] = i x ; [dm , D] = −i
1
2
dm . (3.20)

By boosting K+, we obtain the kinematical generators K and K̄,
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∂
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SuperConformal Susy 

SuperConformal D=4 Kinematics 

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

x± =
1√
2
(x0 ± x3)

∂± =
1√
2
(−∂0 ± ∂3)

x =
1√
2
(x1 + ix2) x =

1√
2
(x1 − ix2)

∂ =
1√
2
(∂1 + i∂2) ∂ =

1√
2
(∂1 − i∂2)

{ qm , q̄n } = i
√

2 δm
n ∂+

{ dm , q̄n } = { qm , d̄n } = 0

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

dm dn ϕ =
1
2

εmnpq dp dq ϕ

δkin
O ϕ = Oϕ

δdyn
O ϕ = δdyn,free

O ϕ + δdyn,int
O ϕ = Oϕ + non− linear

[ δkin
O , δkin

O′ ]ϕ = δkin
[O,O′] ϕ

[ δkin
O , δdyn

O′ ]ϕ = δdyn
[O,O′] ϕ

qm = − ∂

∂θ̄
+

i√
2
θm ∂+

q̄m =
∂

∂θ
− i√

2
θ̄m ∂+

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

4

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

5

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

5

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

5

SU(4) R-symmetry 



SuperConformal D=4 Dynamics 

Commutation relations determine
      unique dynamical Susy

Dynamical Susy generates ALL dynamics 

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
q̄− ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

{ δdyn
s , δdyn

s̄ }ϕa = −
√

2 δdyn
p− ϕa

5

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
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δdyn
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, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa
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s , δdyn
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√

2 δdyn
p− ϕa

5



 SOLE Effect of Interactions    

     in N=4 SuperYang-Mills:

Transverse Covariant Derivative

dm ϕ = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δq̄+ m
ϕc = q̄+ mϕc

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

∂ δab → ∂ δab +

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

E = exp (η · d

∂+
) E = exp (−η · d

∂+
)

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

E7(7)

E8(8)

1

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
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[K+ , q̄−n ] =
√
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n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

{ δdyn
s , δdyn

s̄ }ϕa = −
√

2 δdyn
p− ϕa

5

Incredibly Simple!



Super-Conformal 
Theory  in D=3

Bagger, Lambert, Gustavsson

    Apply Same Algebraic Techniques 
                to find the 
   Light-Cone Superspace Formulation 
                  of the 



Use the N=4 Superfield

ϕ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

d̄m d̄n φ =
1
2

εmnpq dp dq φ̄

{ qm
+ , q̄+ n } = i

√
2δm

n ∂+

δHh =
∂∂̄

∂+
h +

∑

m=0

κ(1 + 2m)∂+(eα̂̄δ(eβδ̂∂+m
he−α̂̄δ(e−βδ̂∂+m

h)α2m+1βm

4

a aaa

aa

since

(A is some label)

           OSp(2,2|8) 
closes linearly (free theory)
            on !(y)



SU(4)               SO(8)

PSU(2,2|4)             OSp(2,2|8)

SO(4,2)             Sp(2,2)   SO(3,2)~



U(1) generator

SO(8)    SU(4)XU(1)⊃
 (was helicity)

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄+m q̄+n
1

∂+
.

6
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∂̄

∂+
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∂
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√
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q Jp
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K
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ϕa
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s , δdyn
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√
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J = − i

4
√

2
( ql q̄l − q̄l q
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1
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.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn
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2
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∂+

J̄mn = { q̄−m , s̄+n } =
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2
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1

∂+
.

6

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄m q̄n
1

∂+
.

6

Coset generators 



qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm
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n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄m q̄n
1

∂+
.

δU(1) ϕa = ωJ ϕa

6

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄m q̄n
1

∂+
.

δU(1) ϕa = ωJ ϕa

[ δU(1) , δfree
s ]ϕa =

ω

2
δfree
s ϕa

δcoset ϕa =
i

2
√

2
ωmnq̄m q̄n

1
∂+

ϕa

6

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄m q̄n
1

∂+
.

δU(1) ϕa = ωJ ϕa

[ δU(1) , δs ]ϕa =
ω

2
δsϕ

a

δcoset ϕa =
i

2
√

2
ωmnq̄m q̄n

1
∂+

ϕa

6

qm
− ≡ i [ j̄− , q m ] =

∂̄

∂+
q m , q̄−m ≡ i [ j− , q̄m ] =

∂

∂+
q̄m .

{qm , s̄−n} = −iδm
n (D + j+− + ij) + 2Jm

n

sm
− = i [ j− , sm

+ ]

[K+ , q̄−n ] =
√

2 s̄+ n ,

[Jm
n , Jp

q ] = i δm
q Jp

n − i δp
q Jm

n − i δm
n Jp

q + i δp
n Jm

q

δdyn
q̄− ϕa =

1
∂+

{
(∂̄ δab − gfabc∂+ ϕc ) εmq̄m ϕc

}

δdyn
s̄ ϕa =

1
∂+

Dab εmq̄m ϕc

[ δkin
K

, δdyn
p− ]ϕa = − 2 i δdyn

j̄−
ϕa

[ δdyn
s , δdyn

s̄ ]ϕa = −
√

2 δdyn
p− ϕa

J = − i

4
√

2
( ql q̄l − q̄l q

l )
1

∂+
.

The SO(8) algebra is completed by obtaining the coset generators Jmn and J̄mn

through

Jmn = { qm
− , sn

+ } =
i√
2

qm qn 1
∂+

J̄mn = { q̄−m , s̄+n } =
i√
2

q̄m q̄n
1

∂+
.

δU(1) ϕa = ωJ ϕa

[ δU(1) , δs ]ϕa =
ω

2
δsϕ

a

δcoset ϕa =
i

2
√

2
ωmnq̄m q̄n

1
∂+

ϕa

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

6

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

ε′
m = ωmn εn

7

  Constraints on Susy transformations 

  Action on the superfield 

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

7

SO(8) vector: 

φ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

d̄m d̄n φ =
1
2

εmnpq dp dq φ̄

{ qm
+ , q̄+ n } = i

√
2δm

n ∂+

δdyn
s̄ ϕa =

i√
2

∂

∂+
εmq̄m ϕa + δint

s̄ ϕa

4



Dynamical Susy

(free theory)

φ (y) =
1

∂+
A (y) +

i√
2

θm θn Cmn (y) +
1
12

θm θn θp θq εmnpq ∂+ Ā (y)

+
i

∂+
θm χ̄m(y) +

√
2

6
θm θn θp εmnpq χq(y)

d̄m d̄n φ =
1
2

εmnpq dp dq φ̄

{ qm
+ , q̄+ n } = i

√
2δm

n ∂+

δdyn
s̄ ϕa =

i√
2

∂

∂+
εmq̄m ϕa + δint

s̄ ϕa

δdyn
s̄ ϕa =

i√
2

∂

∂+
εmq̄m ϕa

4

In D=3 Dim ! is half-odd integer 

"  !        ! ! !
int

susy

ba dc
~

Desperately Seeking Susy

f 
abcd

+ "  ! ?
int

susy

a



Technology

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

[ δkin
s , δkin

s̄ ]ϕ =
i√
2
εmε̄m∂+ϕ =

i√
2

δkin
t− ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

Eη = e η· ˆ̄d

E−1
η = e−η· ˆ̄d

Eε = e ε· ˆ̄q

dm Eη ϕ = i
√

2 ηmϕ

1

d- & q-eigenstates

coherent states

dm Eη ϕ = i
√

2 ηmϕ

Ô =
1

∂+
O

qm Eε ϕ = − i
√

2 εmϕ

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

E7(7)

E8(8)

SO(9)

SO(8)

PSU(2, 2|4)

L = − 1
48

{
∂µCijkl ∂µC

ijkl +
κ2

2
Cijkl C

klmn
∂µCmnpq ∂µC

pqij +O(κ4)
}

C ijkl =
1
4!

εijklmnpq C
mnpq

LV = −1
8
F ij

µν Gµν ij + c.c.

written in terms of the self-dual complex field strengths

2

dm Eη ϕ = i
√

2 ηmϕ

Ô → 1
∂+

O

qm Eε ϕ = − i
√

2 εmϕ

ϕa ∼ d̄1234 ϕb

H = (Wa , Wa )

= i

∫
d4x d4θ d4θWa m 1

∂+ 3
Wa

m

E7(7)

E8(8)

SO(9)

SO(8)

PSU(2, 2|4)

L = − 1
48

{
∂µCijkl ∂µC

ijkl +
κ2

2
Cijkl C

klmn
∂µCmnpq ∂µC

pqij +O(κ4)
}

C ijkl =
1
4!

εijklmnpq C
mnpq

LV = −1
8
F ij

µν Gµν ij + c.c.

written in terms of the self-dual complex field strengths

2

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(εη,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

7

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

[ δkin
s , δkin

s̄ ]ϕ =
i√
2
εmε̄m∂+ϕ =

i√
2

δkin
t− ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

Eη = e η· ˆ̄d Eε = e ε· ˆ̄q

Ex = e x ∂̂

E−1
η = e−η· ˆ̄d

Eε = e ε· ˆ̄q

1

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

[ δkin
s , δkin

s̄ ]ϕ =
i√
2
εmε̄m∂+ϕ =

i√
2

δkin
t− ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

Eη = e η· ˆ̄d Eε = e ε· ˆ̄q

Ez = e z ∂̂

E−1
η = e−η· ˆ̄d

Eε = e ε· ˆ̄q

1



chiral  engineering

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(εη,ζ)
α = 0

E ε̄ = e ε̄·q̂

7

two chiral fields

three chiral fields: nested construction

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

Zbc(η) =
1

∂+A

{
Eη∂+B ϕb E−1

η ∂+C ϕc
}

dm Zbc(η) = 0

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

Zbc(η) =
1

∂+A

{
Eη∂+B ϕb E−1

η ∂+C ϕc
}

dm Zbc(η) = 0

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

Zbc(η) =
1

∂+A

{
Eη∂+B ϕb E−1

η ∂+C ϕc
}

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄η∂+Bα ϕb E−1

ε̄η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dα ϕd

]}

dm Zbc(η) = 0

dm ∆a (ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

7



after some 
elementary   

manipulations...



 triality

both transform as 8 of SO(8)
~

two independent ansatze¨

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

cα
∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆(ε̄η,ζ)

α +
∑

α=−1,0,1

c′α
∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆(ε̄η,ζ)

α

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

cα
∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆(ε̄η,ζ)

α +
∑

α=−1,0,1

c′α
∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆(ε̄η,ζ)

α

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄ η∂+Bα ϕb E−1

ε̄ η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dαϕd

]}

dm ∆(ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

7

and/or 



εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δint
s̄ + δfree

s̄ ]ϕa = δdyn
H ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

8

terms linear in f
abcd

Light-Cone Hamiltonian

εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i( x ∂ − 2 x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
) x

[K , p− ] = − 2i j−

8



εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i( x ∂ − 2 x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
) x

[K , p− ] = − 2i j−

8

Conformal generator

From Hamiltonian to Boost

εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i( x ∂ − 2 x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
) x

[K , p− ] = − 2i j−

[ j− , p− ] = 0

8

δp− ϕa =

iε̄·ε ∂

∂x





∑

α= 1
2 ,− 1

2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (xη,ζ)

α +
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (η,xζ)

1
2+α





x=η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i( x ∂ − 2 x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
) x

[K , p− ] = − 2i j−

[ j− , p− ] = 0

7

yet to be checked

dm ϕ(y , θ , θ) = 0

dm ϕ (y) = 0

ϕ(x , θ , θ) → ϕ(y , θ , θ)

δq̄− ϕa =
1

∂+

{
(∂̄ δab − gfabc∂+ ϕc ) δq̄+

ϕb
}

Wa
m = (∂̄ δab − gfabc∂+ ϕc ) q̄+ m ϕb

δkin
s ϕ = εmq̄m ϕ

δkin
s̄ ϕ = ε̄mq m ϕ

[ δkin
s , δkin

s̄ ]ϕ =
i√
2
εmε̄m∂+ϕ =

i√
2

δkin
t− ϕ

∂̄ δab → (∂̄ δab − gfabc∂+ ϕc ) ≡ Dab

δq̄− φa =
1

∂+

{
∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

}
ε · q̄+ φb

∂ δab → ∂ δab − gfabcd εijkl

(
∂

∂η

)

ijkl

(
E φcE∂+ φd

)
η=0

Eη = e η· ˆ̄d Eε = e ε· ˆ̄q

Ez = e z ∂̂

E−1
η = e−η· ˆ̄d

Eε = e ε· ˆ̄q

1

[ δcoset , δs ]ϕa = δ
′

s̄ ϕa

[ δcoset , δs ]ϕa = 0

εm′
= ωmn εn

δq̄− ϕa = δfree
q̄− ϕa + δint

q̄− ϕa

=
1√
2

∂

∂+
α · q̄ ϕa

+ fabcd εijkl

(
∂

∂η

)

ijkl

1
∂+A

(
E1∂

+Bϕb 1
∂+M

(
E2∂

+Cϕc E3∂
+Dϕd

))

η=0 , α

δfree
s ϕa =

1√
2

∂

∂+
ε · q̄ ϕa

Zbc(η) =
1

∂+A

{
Eη∂+B ϕb E−1

η ∂+C ϕc
}

∆a (ε̄η,ζ)
α =

fabcd

∂+Aα

{
Eε̄η∂+Bα ϕb E−1

ε̄η
1

∂+Mα

[
Eζ∂

+Cα ϕc E−1
ζ ∂+Dα ϕd

]}

dm Zbc(η) = 0

dm ∆a (ε̄η,ζ)
α = 0

E ε̄η = e ε̄·q̂ Eη

E zη = EzEη

δint
s̄ ϕa =

∑

α=1/2,−1/2

+c
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δint
s̄ ϕa =

6

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δp− ϕa =

iε̄·ε ∂

∂z





∑

α= 1
2 ,− 1

2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (zη,ζ)

α +
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (η,zζ)

1
2+α





z=η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i x (
1
2

x ∂ − x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
)

[K , p− ] = − 2i j−

[ j− , p− ] = 0

7

∑

α=1/2,−1/2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

δp− ϕa =

iε̄·ε ∂

∂z





∑

α= 1
2 ,− 1

2

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (zη,ζ)

α +
∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (η,zζ)

1
2+α





z=η=ζ=0

∑

α=−1,0,1

(−1)α ∂

∂η[2−2α]

∂

∂ζ [2+2α]
∆a (ε̄η,ζ)

α |η=ζ=0

∂

∂η[2−2α]

∂

∂ζ [2+2α]
≡ εi1···i2−2α···i4

(2+2α)!(2−2α)!

∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

εi1···i2+2αj1···j2−2α

(2 + 2α)!(2− 2α)!
∂

∂ηi1
· · · ∂

∂ηi2−2α

∂

∂ζj1
· · · ∂

∂ζj2+2α

(−1)α

(2+2α)!(2−2α)!
εi1···i2−2α···i4 ∂

∂ηi1···i2−2α

∂

∂ζi3−2α···i4

Aα−1 = Aα + 1 Bα−1 = Bα + 1 Mα−1 = Mα − 2

Cα−1 = Cα − 1 Dα−1 = Dα − 1

[ δfree
s + δint

s , δfree
s̄ + δint

s̄ ]ϕa = δdyn
p− ϕa

[ δfree
s , δint

s̄ ]ϕa + [ δint
s , δfree

s̄ ]ϕa

K = − 2i x (
1
2

x ∂ − x− ∂+ + θm ∂

∂θm
+ θ̄m

∂

∂θ̄m
)

[K , p− ] = − 2i j−

[ j− , p− ] = 0

7



Check boost and Hamiltonian commute

Consistency being checked (with Belyaev, Brink and S-S Kim)

Properties of  
abcd

f from commutation  

Compute f-f term  

Work in Progress  

Path Integral measure over ! 



abcdf

Happy Birthday 

Stanley


