Remarks in honor of Stanley Mandelstam’s 80th Birthday
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Return with us now to those thrilling days of yesteryear ...




Ve Grande Oe Canonical §1eld Theory




Review of ancient developments

® Stanley’s bosonization (bosonisation?)
® Deconstruction---the simplest case

® Reconstruction---add complications




Some less ancient developments

® Operator products

® Making four-dimensional theories look two-
dimensional---the tomographic transform

® A new light cone




Quantum sine-Gordon equation as the massive Thirring model*

Sidney Coleman
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138
(Received 6 January 1975)

The sine-Gordon equation is the theory of a massless scalar field in one space and one time
dimension with interaction density proportional to cosB¢, where B8 is a real parameter. I show that if
B? exceeds 8, the energy density of the theory is unbounded below; if B? equals 4, the theory is

equivalent to the zero-charge sector of the theory of a free massive Fermi field; for other values of S,
the theory is equivalent to the zero-charge sector of the massive Thirring model.

The sine-Gordon soliton
is identified with the fundamental fermion of the Thirring model.
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Soliton operators for the quantized sine-Gordon equation*

S. Mandelstam

Department of Physics, University of California, Berkeley, California 94720
( Received 24 February 1975)

Operators for the creation and annihilation of quantum sine-Gordon solitons are constructed. The
operators satisfy the anticommutation relations and field equations of the massive Thirring model. The
results of Coleman are thus reestablished without the use of perturbation theory. It is hoped that the

method is more generally applicable to a quantum-mechanical treatment of extended solutions of field
theories.
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Achieving Homogeneous Anticommutation

Let Aj(x) and As(x) be two expressions linear in a Bose field ¢(x) and its
canonical conjugate ¢(x). Then with

1(x) = explidi(x)], 2(X") = expliAa(x)]
it follows that for x # x’
{Wi(x), 9;(x)} = {wi(x), ¥} (x")} = {9] (x),%](x')} =0

provided

[Ai(x), A;(x)] = inym

for odd integer n;;.




Free massless fermions in 1 space dimension

Iy =01 Yr(x)=s(1+03)(x)  Irve(x)=0

.
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Free massless bosons in 1 space dimension

P(x) = o4 (x) + d_(x) d+94+(x) =0




Theorem

If operators A and B are each the sum of creation and destruction operators with respect
to a vacuum |0) then

N, / / A/2 2 /
eleB = (O|(-‘A(5:B|()>:(2~A(>B: — {01AB+AA/2+BB/2|0) . ,AB.




The bosonization formula
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Apply the theorem

A (0] p4 (X) 94 (') =4 (%) 4 (%) — P4 (X )+ (x)[0) . L ivAT[ D4 (x) =4 (x)].

The Bose two-point function (to within an additive constant)
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O+ (x)¢+ (x7)[0) = A7 log O 8 ( )

The Fermi two-point function
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Fermion bilinears

1

p+(x) = =5 lim [y (x + a/2)yk (x —a/2) + ¥ (x — a/2)vl (x + a/2)]:

a

Apply the theorem

P+ (X) — —%;(:{i Vam[o4 (X+a/2)—¢;+(x—a/2)]:
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e

D10+ (x)

(@) = s (%) + p_ (%) = —=016(x)

VT
Impose continuity condition and conclude

jt(x) = - \/IEUO(D(X) = p+(x) = p-(x)



Reconstruction
This bosonization gives free massless Fermi < free massless Boson.

Adding a mass term

—ma[yl (%) - (x) + [ (x) s (x)]: = — '(11 cos[Vamp(x)]

~r
/

gives the Bose field a sime-Gordon interaction and leaves the Fermi field free but massive.

Linear combinations of the exponents Ay and As

A = cosh~yA; — sinhvAs A5 = coshyAg — sinhyA;

supply a Thirring interation to the fermions, Any mass term becomes

e cos[v/4m coshy ¢ (x)]
[Xas
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What comes next?




Massless scalar propagator in D dimensions:

s : 1 I'(D/2-1
(0]T[@(2)¢(0)]|0) = —iGp(x) = A7 D/2 (FI.Q)/D/Q—l)

Massless spimor propagator in D dimensions:

(D/ ) ((T ' S t)a’,"_"i

(0|T[¢a(x)y ;; (0)][0) = —i[Gr(x,0)y ]ad =1 9rD/2  (22)D/2

Spatial-derivative equation:

(OT'[jys e/)ta() L (a)]|0)
= (0|7 [tba (2)01 ()]]0) (O] T [0 (y) ]y ()] |0)

=4 2(~rD//Z - {X{z}i}c; lD/oU )a'<0|T[¢6(U) 5(@")]|0)




Spatial-derivative equation:

(01T [jiys () e ()0} (27)]]0)
= (0T Ttba ()01 (1)]10) (O|T [os () (2)]]0)

_T(02) (- fx-¥}+2' -9 )a.
T (- yR)PR

O|T s (y) 3 r’)]10)
Take y —z = s, s = 0:

sly) = s(a) + 5 Vaths(a)
As |s| — 0

['(D/2)

Ivs(W)Yalx) — —1 5Dz 3D (ﬂ S)an (s Vi )s(z) + 1) (z)vs(x)

Average over D — 2 dimensional hypersphere

. T(D/2
"97D/2(D — 1)

(G Va)ays(x) + 0 () 5(2) Ya(2):




M (y) = Mysjys(y) = tr (M?j)

QWD/Q(D - 1)
I(D/2)

(@ T ()] =

The last term is not present for D > 2.







D = 4:

See "Fermion Avatars of the Sugawara Model”

by Coleman, Gross and Jackiw




Make four dimensions look like two

Completeness relation:
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Define tomographic transform:

s 1 5
Sow) = = [ dxd(y—n-1)6(r)
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Inverse transform:
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Fermionic completeness relation:
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( ) a3 8'/T2

o0
/(lQn/ dyd'(y—m-r)d'(y—n-v')(1+a -n)us
—0
1 - S/ N4 / @ af
= 472 d€dy, dyd'(y—m-r)d'(y —n-r’) Z ug (nju3' (n)
—_ 00 (l.=+,—

Spinors:

(@ n)puEm) = vt ), Put(n) = tut(n), u-+<n>=<'”%1))~ “'"(1“:(('(0 )

v(—n)

- 1 0
(6 -njv(n) = sin et Y= )$ ”."5:<0 _1>

Fermionic transform:

/(131' & (y —

Inverse fermionic transform:
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Bosonic lagrangian:

(V2 = 85 — m®)o(r)

/ / h(r)(V2 =32 —m?)é'(y —n-r)d(y,n)

(lg 2))‘-‘;(31* Il)

/
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/dy/dQn (,D - ()0 —m* ))g‘-z)(y.n‘)




Fermionic lagrangian:

£=/ Brt(r)(id -V + idy — my" ) (r)

/d3 /dy/dQn Z DT (r) (@ - V + 18y — my°)d (y — n-r‘)u.a(n)tz'a(y,n)

a=+,—

=i /d3 /dy/dQn Z D)8 (y — n - ) (idy + i0y — mA")u® (n)d® (y, n)

G=-F;=
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..l“

/(lu/dQn Z [I.QJr (y,n)(20y + 10 )" (y,n) — ma —oT(y, —n)y h*(y,n)]

_.+_




A New Light Cone

t+n-r t—n-r
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Happy Birthday, Stanley!!!




