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Davis et al. (2014, submitted)

E = 0.5

Radiative Rayleigh-Taylor Instability in ULIRGs

Shane Davis (on Tuesday):
Flux-Limited-Diffusion vs. Variable 
Eddington Tensor for Thermal Radiation 
Feedback (T ~ 80 K).

This talk:
Flux-Limited-Diffusion vs.  Ray-Tracing 
for Stellar Radiation Feedback
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Ray-Tracing (RT)
Radiation Transport Equation:

E =
1

c

Z

4⇡
d⌦ I(r,⌦, t)

1

c

@I

@t
+ ~⌦~rI + �

ext

I =
c

4⇡
(�

abs

B � �
scat

E)

~F =

Z

4⇡
d⌦ ~⌦ I(r,⌦, t)

~F =

R
4⇡ d⌦

~⌦ I(r,⌦, t)R
4⇡ d⌦ I(r,⌦, t)

c E

Radiative Flux and Radiation Energy Density:

Flux-Energy Relation:
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Flux-Limited-Diffusion (FLD)

Conservation equation

Diffusion equation

~F = �D~rE

@E

@t
+ ~r~F = c�abs(B � E)

@E

@t
� ~r(D~rE) = c�abs(B � E)

Radiation Transport Equation:

1

c

@I

@t
+ ~⌦~rI + �

ext

I =
c

4⇡
(�

abs

B � �
scat

E)

Approximations:

• Locally Isotropic, mean angular values (integral over full solid angle):

• FLD approximation:

Flux-Energy Relation

‣Opacity is computed from local conditions: (~x) = P/R(Trad(~x))
• Gray approximation:
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not to scale

The Hybrid Scheme (RT+FLD)
Split Radiation Fields:

• Stellar Irradiation

• Thermal dust (re-)emission

Kuiper et al. (2010),  A&A 511

Different Solvers:

➡ Ray-Tracing (RT) 

➡ Flux-Limited-Diffusion (FLD)
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Outline

A. Radiation Transport Problem: Circumstellar Disk Temperatures

• Setup from Pascucci et al. (2004) benchmark test

• Setup from Pinte et al. (2009) benchmark test

B. Radiation-Hydrodynamics: 
(1) Stellar Radiative Feedback
(2) Radiative Rayleigh-Taylor Instability
(3) The Science case:  

„A Solution to the Radiation Pressure Problem in the 
Formation of the Most Massive Stars“
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Methods/Codes:

• „MC“:

• „Hybrid“: 

• „FLD“:

Circumstellar Disk Temperatures
R. Kuiper and R. S. Klessen: On the reliability of approximate radiation transport methods for irradiated disk studies 3

Fig. 1. Visualization of the disk configuration and final temper-
ature for the case ⌧550nm = 100. Solid lines denote iso-density
contours. Colors denote the final temperature distribution.

T⇤ = 5800 K. In the Pinte et al. (2009) radiation benchmark
test (⌧810nm � 1000), the star has a radius of R⇤ = 2 R� and a
temperature of T⇤ = 4000 K. A visualization of the disk setup
and the final temperature distribution is given in Fig. 1.

The opacity table used is the same as in the original bench-
mark test of Pascucci et al. (2004) taken from Draine & Lee
(1984). These opacities are shown in Fig. 2. The dust to gas mass
ratio is set constant to 1%. Scattering is neglected.
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Fig. 2. Frequency-dependent opacities from Draine & Lee
(1984). The solid line denotes an exponential fit to the long
wavelength regime.

3.2. Numerical configuration

In the Pascucci et al. (2004) radiation benchmark test (⌧550nm 
100), the computational domain goes from Rmin = 1 AU up to
Rmax = 1000 AU. In the Pinte et al. (2009) radiation bench-
mark test (⌧810nm > 1000), the computational domain goes from
0.1 AU up to 400 AU. In both setups, the polar angle covers the
full domain from 0 to 180 degree.

The boundary conditions in the polar direction are chosen
to not allow any radiative flux over the polar axis. The bound-
ary condition at the outer radial direction is chosen to allow for
a radiative flux out of the computational domain computed in
the optically thin limit. The boundary condition for the thermal
radiation field at the inner radial direction is in the RT simula-
tions given by a low value of the thermal radiation field (the total
radiation field at the inner disk rim is dominated by the irradia-
tion). The boundary condition for the thermal radiation field at
the inner radial direction is in the simulations using only FLD
determined from the surface temperature of the central star as-
suming an optically thin limit between the stellar surface and the
inner disk rim (as assumed in the original benchmark tests).

The grids in spherical coordinates are chosen to resolve the
local optical depths of the circumstellar disks in the polar direc-
tion appropriately to guarantee the computation of correct cool-
ing properties. For all cases up to ⌧810nm = 1.22 ⇥ 10+3 the grid
consists of n

r

⇥n✓ = 128⇥360 cells. For ⌧810nm = 1.22⇥10+4 the
grid has n

r

⇥ n✓ = 64⇥ 2880 grid cells. For ⌧810nm = 1.22⇥ 10+6

the grid has n

r

⇥ n✓ = 16 ⇥ 105 grid cells.
We note that results of the same accuracy are obtained by

using 128 ⇥ 360 grid cells for the higher optical depths runs
as well, but make use of a numerical ’trick’ similar to the one
described in Pinte et al. (2009) for the ProDiMo code. For the
ProDiMo code, the density distribution was altered to limit the
optical depth in Pinte et al. (2009). Here, we promote a modified
algorithm of the same idea: The resolutions of a 128 ⇥ 360 grid
is su�cient for the high optical depth runs as well, if an upper
limit of the optical depth of ⌧max  1 is applied to each individ-
ual grid cell during the radiation transport. Although we focus
in the following discussion on the results of the high resolution
grids only, a solution of a simulation run using this numerical
gimmick is shown for comparison for the most optically thick
case of ⌧810nm = 1.22 ⇥ 106 in Fig. 7.

The numerical configuration of the Monte-Carlo code
RADMC is given in Pascucci et al. (2004) and Pinte et al. (2009)
with the di↵erence that we do not consider scattering here.

3.3. Runs performed

We are computing the equilibrium temperature distribution in
the disk and envelope using di↵erent radiation transport meth-
ods. We study the gray FLD approximation, the gray irradia-
tion + gray FLD approximation, and the frequency-dependent
irradiation + gray FLD approximation. As a reference solution,
we use results obtained with the Monte-Carlo code RADMC,
respectively. We are performing simulations for various opti-
cal depths of the disk’s midplane from ⌧550nm = 0.1 up to
⌧810nm = 1.22⇥ 10+6. An overview of runs performed is given in
Table 1.

Kuiper & Klessen (2013),  A&A 555

Setup: Star
Disk

(flared)

Pascucci et al. 
(2004)

Tstar = 5800 K
Rstar = 1 R☉

Tau = 0.1 ...102

at 550 nm

Pinte et al. 
(2009)

Tstar = 4000 K
Rstar = 2 R☉

Tau =103 ...106

at 810 nm

Monte-Carlo code RADMC as reference (scattering is neglected)
ν-dependent RT for Stellar + Gray FLD for Thermal Radiation
Gray FLD approximation for both - Stellar and Thermal - Radiation
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Fig. 3. Temperature profiles (upper panel) in the midplane of the
circumstellar disk for the case of low optical depth ⌧550nm = 0.1.
In the lower panel the deviations of the three di↵erent radia-
tion transport methods to the comparison code result are dis-
played. Solid lines denote results for the frequency-dependent
RT + gray FLD method. Dotted lines denote results for the gray
RT + gray FLD method. Dashed lines denote results for the gray
FLD method. Pluses “+” denote results for the comparison code
RADMC. In this optical thin case, the results for gray RT + gray
FLD are almost identical to the frequency-dependent RT + gray
FLD. Here, analytical estimates for the optically thin approxi-
mation are given: Crosses “x” mark the analytical estimate by
Spitzer (1978) for irradiated regions far away from the star, cir-
cles “o” mark the analytical estimate in the gray and isotropic
approximation (T / r

�1/2).

ton propagation in the optically thick regions alone is most eas-
ily described in the di↵usion limit, the (flux-limited) di↵usion
approximation fails to account for shadowing e↵ects in multi-
dimensional problems due to the loss of angular information in
its derivation.

The simulation results for the most optically thick case are
shown in Fig. 7. The RT + gray FLD runs are in overall good
agreement with the comparison results from RADMC. The max-
imum deviation of 43% corresponds to the maximum di↵erence
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Fig. 4. Same as Fig. 3 for simulation runs with ⌧550nm = 102.

between the various radiation transport codes of the original
benchmark test (Pinte et al. 2009). As expected in this limiting
case of very high optical depth, the frequency-dependent and
gray irradiation routines give identical results.

The gray FLD approximation fails to reproduce the shadow
behind the optically thick inner disk rim. In this method, the stel-
lar radiative flux di↵uses around this obstacle and heats the disk
through the optically thin atmosphere at larger radii. The result-
ing midplane temperature is up to a factor of 2.8 higher than in
the comparison run.

5.1.3. The regime of moderate optical depth

The frequency-dependent and gray irradiation routines di↵er
only in the case of moderate optical depth, shown in Fig. 4. In
this intermediate regime, the disk’s midplane is optically thick
for the higher-frequency part of the stellar irradiation spectrum,
but optically thin in the long wavelength regime. Therefore, only
the frequency-dependent irradiation routine is able to resemble
the heating of the irradiated midplane at larger radii correctly. In
the case of gray irradiation, the long wavelength flux is absorbed
already at the inner disk rim and the temperature at larger radii
follows the slope of the gray FLD method.

Hybrid

FLD

FLD

Hybrid

+ = MC
x = analytical: Spitzer (1978) 
o = analytical: gray & isotropic

Optically thin (Tau550nm = 0.1):

• Hybrid accurate up to 3%

• FLD yields wrong Temperature slope

Kuiper & Klessen (2013),  A&A 555

(~x) = ⌫ ⇡ P (T⇤)

Hybrid/RT/
MC:

FLD:

(~x) = P(Trad(~x))
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Fig. 5. Same as Fig. 3 for simulation runs with ⌧810nm = 1.22 ⇥
103. In this fairly optical thick case, the results for gray RT +
gray FLD are almost identical to the frequency-dependent RT +
gray FLD, small di↵erences are visible at the innermost rim of
the disk only.

5.2. Validity of approximations

5.2.1. The gray flux-limited diffusion approximation for the

thermal dust emission

In all our approximate radiation transport simulations, the ther-
mal (re-)emission of dust grains is computed in the gray FLD
approximation. This approximation reduces the cpu time signif-
icantly (up to several orders of magnitude for a high-resolution
3D scheme) to allow the usage of the radiation transport method
within magneto-hydrodynamics simulations. If the stellar irra-
diation is accounted for within a frequency-dependent RT step,
the results of the approximate radiation transport simulations are
in accordance with the deviations given by the di↵erences from
the various high-level radiation transport methods from the orig-
inal radiation benchmark tests (Pascucci et al. 2004; Pinte et al.
2009). Hence, we conclude that the gray FLD approximation
is an e�cient and accurate method for solving the thermal dust
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Fig. 6. Same as Fig. 3 for simulation runs with ⌧810nm = 1.22 ⇥
104. In this highly optical thick case, the results for gray RT +
gray FLD are identical to the frequency-dependent RT + gray
FLD.

(re-)emission of circumstellar disks. In general, the FLD method
su↵ers from the issues explained in Sect. 5.2.3.

5.2.2. The gray approximation for the stellar irradiation

The frequency-dependent treatment of the stellar irradiation
spectrum improves the results for configurations of moderate
optical depth (for the particular test case of a Sun-like star and
⌧550nm ⇠ 100), in which the disk’s midplane is optically thick for
the high-frequency part of the stellar spectrum, while it is opti-
cally thin for a substantial part of the long wavelength regime.
In the limiting cases of very low and very high optical depth the
gray irradiation is in agreement with the frequency-dependent
runs.

Results

FLD

+ = MC

FLD

Hybrid

Hybrid

Optically thick (Tau810nm = 104):

• Hybrid accurate up to 46%

• FLD misses Shadowing effects

Kuiper & Klessen (2013),  A&A 555

optically thick 
radiative barrier

FLD:

Hybrid/RT/MC: optically thin medium

optically thin medium

optically thick 
radiative barrier
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Fig. 5. Same as Fig. 3 for simulation runs with ⌧810nm = 1.22 ⇥
103. In this fairly optical thick case, the results for gray RT +
gray FLD are almost identical to the frequency-dependent RT +
gray FLD, small di↵erences are visible at the innermost rim of
the disk only.

5.2. Validity of approximations

5.2.1. The gray flux-limited diffusion approximation for the

thermal dust emission

In all our approximate radiation transport simulations, the ther-
mal (re-)emission of dust grains is computed in the gray FLD
approximation. This approximation reduces the cpu time signif-
icantly (up to several orders of magnitude for a high-resolution
3D scheme) to allow the usage of the radiation transport method
within magneto-hydrodynamics simulations. If the stellar irra-
diation is accounted for within a frequency-dependent RT step,
the results of the approximate radiation transport simulations are
in accordance with the deviations given by the di↵erences from
the various high-level radiation transport methods from the orig-
inal radiation benchmark tests (Pascucci et al. 2004; Pinte et al.
2009). Hence, we conclude that the gray FLD approximation
is an e�cient and accurate method for solving the thermal dust
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Fig. 6. Same as Fig. 3 for simulation runs with ⌧810nm = 1.22 ⇥
104. In this highly optical thick case, the results for gray RT +
gray FLD are identical to the frequency-dependent RT + gray
FLD.

(re-)emission of circumstellar disks. In general, the FLD method
su↵ers from the issues explained in Sect. 5.2.3.

5.2.2. The gray approximation for the stellar irradiation

The frequency-dependent treatment of the stellar irradiation
spectrum improves the results for configurations of moderate
optical depth (for the particular test case of a Sun-like star and
⌧550nm ⇠ 100), in which the disk’s midplane is optically thick for
the high-frequency part of the stellar spectrum, while it is opti-
cally thin for a substantial part of the long wavelength regime.
In the limiting cases of very low and very high optical depth the
gray irradiation is in agreement with the frequency-dependent
runs.

Results

FLD

+ = MC

FLD

Hybrid

Hybrid

Optically thick (Tau810nm = 104):

• Hybrid accurate up to 46%

• FLD misses Shadowing effects

Kuiper & Klessen (2013),  A&A 555

optically thick 
radiative barrier

FLD:

~F =

R
4⇡ d⌦

~⌦ I(r,⌦, t)R
4⇡ d⌦ I(r,⌦, t)

c E

~F = �D~rE !
~rE

|~rE|
c E

optically thin medium = free-streaming limit

Hybrid/RT/MC: optically thin medium

optically thin medium

optically thick 
radiative barrier

„directional history“

~⌦
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Fig. 8. Maximum temperature deviation in the disk’s midplane
as function of the optical depth of the circumstellar disk. The
solid line denotes the results for the frequency-dependent RT +
gray FLD method. The dotted line denotes the results for the
gray RT + gray FLD method. The dashed line denotes the results
for the gray FLD method. The pluses ”+” denote the deviations
of the results of the various high-level radiation transport codes
used in the original benchmark tests of Pascucci et al. (2004)
and Pinte et al. (2009). These values are read o↵ Figs. 4 and 5 in
Pascucci et al. (2004) and Fig. 10 in Pinte et al. (2009).
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Long-range effect

Frequency-dependence!
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Fgrav = �⇢ G
M⇤
r2

Frad = ⇢ ⇤
L⇤

4⇡r2c

Eddington limit:

Proto-Star Interstellar medium
Dust grains / Molecules / Ionized gas

⇤

L⇤
M⇤

� 4⇡Gc

⇤

Radiative Force overcomes Gravity:

Frad > Fgrav

L⇤

M⇤

Radiation-Hydrodynamics: Stellar Feedback

Scale-free!

RT: (~x) = ⌫ ⇡ P (T⇤) Scale-free!

FLD: (~x) = P(Trad(~x))
Eddington ratio decreases 
with distance to Star!
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Radiation-Hydrodynamics: Stellar Feedback
RT

Kuiper et al. (2012),  A&A 537
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gray FLD

Radiation-Hydrodynamics: Stellar Feedback

Kuiper et al. (2012),  A&A 537
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Davis et al. (2014, submitted)

E = 0.5:  Fgrav ~ Frad E = 0.02:  Fgrav >> Frad

Radiative Rayleigh-Taylor Instability

E = 2.0:  Frad = 2*Fgrav

„In this case, the shell is accelerated 
efficiently and reaches the upper boundary 
of the domain before the RTI has time to 
grow appreciable.“ Jiang, Davis, & Stone (2013)
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Fig. 8. Radiative and gravitational acceleration at a position Rcavity = 2000 AU (left panel) and Rcavity = 10000 AU (right panel) above the massive
proto-star as a function of the stellar mass M∗ for three different radiation transport approaches: The label “FLD 1” denotes the FLD approximation
with the opacity description of Krumholz et al. (2007). The label “FLD 2” refers to the FLD approximation with the opacities used in Kuiper et al.
(2010a, 2011) and in this paper. The label “Ray-Tracing” refers to the RT step as in the hybrid radiation transport scheme.

the infrared regime) is computed in the FLD solver step. The
corresponding length scale is given by l∗ = (κ∗(ν) ρcavity)−1 and
therefore depends on the frequency ν of the photons as well as
on the actual shell density ρcavity. This absorption length scale l∗
is shown as a function of frequency ν for different densities ρ of
the cavity shell in Fig. 2.

8. Comparisons
8.1. Comparison with a 3D gray FLD simulation

Krumholz et al. (2009) presented a self-gravity radiation hydro-
dynamics simulation of the collapse of a 100 M# pre-stellar core.
The outer core radius was chosen to be 0.1 pc and the den-
sity profile declines in proportion to r−1.5. The initial isother-
mal temperature of the core is 20 K. The pre-stellar core is ini-
tially in solid-body rotation without any turbulent motion. The
model describes a so-called monolithic collapse scenario. The
applied radiation transport method is the gray flux-limited fif-
fusion approximation. These properties of this configuration are
the same as in our simulation run “C-FLD”. The equations are
solved on a 3D adaptive mesh refinement grid in cartesian coor-
dinates. Densities above the Jeans density on the finest grid level
are represented by sink particles.

During the simulation, bipolar “radiation-filled bubbles” are
blown into the environment of the forming massive star. To clar-
ify our terminology, these “radiation-filled bubbles” correspond
to the “radiation-pressure-dominated cavities” and the “bubble
wall” is called a “cavity shell” in this paper. At an extent of
roughly from 1200 to 2000 AU (from Krumholz et al. (2009),
Fig. 1 therein) the cavity shell is subject to a “radiative Rayleigh-
Taylor instability”, meaning that the radiation pressure expands
the optically thin region only at specific solid angles, while at
other solid angles the concentrated mass load on top of the cav-
ity shell is able to penetrate into the low-density region.

This mechanism of shell instability, the focus of radiation
pressure onto solid angles with lower optical depth, and the col-
lapse of condensed material from the infalling envelope at other
solid angles, precisely matches the outcome of our simulations,
if the FLD approximation is used for the stellar radiation feed-
back. After the epoch of instability – the caving-in of material
– the continuing evolution of their simulation differs in terms of
morphology from our simulations because of the evolving non-

axisymmetric structures. We comment further on this difference
after the following paragraph on the RT + FLD simulations.

In our simulations using the frequency-dependent RT step
for the stellar irradiation, the mass load on top of the cavity
shell causes a dependence of the optical depth on the solid an-
gle (owing to the decreasing centrifugal forces towards the pole).
However, in these simulations, the caving-in of material at solid
angles of high optical depth is prohibited; this is most likely
caused by the treatment of the direct stellar irradiation by means
of a RT approach preserving the natural isotropy of the irradi-
ation up to the first absorption layer. Furthermore, the RT ap-
proach accounts for the respective frequency-dependent absorp-
tion coefficients as demonstrated in the previous sections.

The cavity is affected by Rayleigh-Taylor-like instabilities,
when the FLD approximation is used for the radiation transport.
This implication is verified by the axial symmetric simulations
performed herein as well as by the 3D simulation in Krumholz
et al. (2009). Improving the radiation transport scheme by in-
corporating a ray-tracing of the direct stellar irradiation corrects
for this behavior and leads to a stable cavity growth. This impli-
cation is verified by the axial symmetric simulations performed
herein as well as by the 3D simulation in Kuiper et al. (2011).
The largest differences between the numerical treatment in the
simulation of Krumholz et al. (2009) and the simulations with
similar initial conditions presented herein are twofold: the radi-
ation transport approaches and our assumed axial symmetry. As
mentioned above, the simplification to axial symmetry increases
the difficulty of a comparison of epochs after the occurrence of
the instability, but the overall simulation results indicate that the
outcome, regardless of whether the instability occurs, does not
depend on the axial symmetric approach:

– The 2D simulations in the FLD approximation match the
outcome of the 3D simulation in the FLD approximation,
namely the instability of the cavity.

– In the 2D simulations with the improved radiation transport
scheme (ray-tracing + FLD), the cavity remains stable.

– In our 3D simulation (Kuiper et al. 2011), using a frequency-
dependent RT step to account for stellar irradiation, the out-
flow cavity contains strong non-axisymmetric features, but
no instability is detected.

Analytically:

• Opacity / Radiative force is actually 1-2 orders of magnitude higher than 
computed within the gray FLD approximation

‣Radiation-pressure-dominated cavities remain stable

‣Massive Stars do not form via Radiative Rayleigh-Taylor Instability

Kuiper et al. (2012),  A&A 537

Radiative Rayleigh-Taylor Instability
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Scientific Application:  Radiation Pressure Problem

Kuiper et al. (2011),  ApJ 732
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Solving the Radiation Pressure Problem!
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First simulations ...

• Including Radiation Pressure Feedback

• Forming stars far beyond the Radiation Pressure Barrier!

• mostly up to the observed upper mass limit M⇤ ! 140 M�

Kuiper et al. (2010),  ApJ 722
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Summary

Radiative Stellar Feedback:
gray FLDHybrid / RT
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Fig. 8. Maximum temperature deviation in the disk’s midplane
as function of the optical depth of the circumstellar disk. The
solid line denotes the results for the frequency-dependent RT +
gray FLD method. The dotted line denotes the results for the
gray RT + gray FLD method. The dashed line denotes the results
for the gray FLD method. The pluses ”+” denote the deviations
of the results of the various high-level radiation transport codes
used in the original benchmark tests of Pascucci et al. (2004)
and Pinte et al. (2009). These values are read o↵ Figs. 4 and 5 in
Pascucci et al. (2004) and Fig. 10 in Pinte et al. (2009).
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Stability of radiation-pressure-dominated cavities

Kuiper et al. (2012),  A&A 537

RT (E ~ 20 ... 200)FLD (E ~ 1.0)

Shell morphology:

• Frequency-dependent RT: pre-acceleration of layers on top of the cavity shell

2000 AU
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Owen, Ercolano, & Clarke (2012):
• FLD, Hybrid, and MC Radiation Transport
‣„[...] we find the FLD method significantly underestimates 

the radiation pressure by a factor of ~100.“

Harries, Haworth, & Acreman (2012):
• MC-Radiation-Hydrodynamics
‣“The development and speed of the cavities is 

similar to that found by Kuiper et al.“ 

Double-Check

Kuiper et al. (2012):
• „In the RT cases, the radiation pressure 

exceeds gravity by 1–2 orders of magnitude.“


