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e Introduction to brane-worlds

e Homogeneous brane cosmology
e Dark radiation

e Brane inflation

e Cosmological perturbations and the CMB
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Cosmology in a brane-world Homogeneous brane cosmology
Idea: Confinement of cosmological matter on a submanifold (BRANE) e As in standard cosmology, one assumes homogeneity and isotropy
embedded in a higher-dimensional spacetime (BULK) along the three ordinary spatial dimensions.

= all quantities depend only on time and on the extra dimension.

The five-dimensional metric can be written in the form
ds® = —n®(t,y)dt* + a®(t, y)di® + dy?,

with the brane located at y = 0.

e One must solve the five-dimensional Einstein equations
Gan + Agap = K*Tup

with the energy-momentum tensor (empty bulk)

T% = Diag(—p(t), Py(t), Pi(t), P(t),0)5(y)
We restrict our study to self-gravitating branes in a five-dimensional _
_ e One then finds on the brane (‘b’ corresponds to y = 0) the modified
bulk space-time. . .
Friedmann equation:

= r'l‘:f: A . Kl 9 c
. . 3 . . . T3 v B s ooy sem ) e e
In such a brane-universe, the cosmological evolution is modified: b u‘f: 6 S}f}"“ uJ
where C is an integration constant.

e The first Friedimann equation is modified at high energy, . . _ i
The conservation equation V, T} = 0 still holds (for an empty

e The bulk influences the cosmological evolution (Dark radiation) bulk).
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e For A =0 and C = 0 (the bulk is Minkowski),

the cosmological evolution of the brane is determined by the system

o K
h 2
9 s

a; 36

@y

oy + 3” (s + ) = 0.

b

~3(14w
For w = P/p = const, py ~ a, 1+ and therefore

1

a(t)~t,  g= 3(1+w)
In particular, a;(t) ~ t'/* for radiation, a,(t) ~ t'/% for non

relativistic matter.

INCOMPATIBLE with NUCLEOSYNTHESIS !

® Warped geometries 1ol

— The bulk space-time is curved. The extra-dimension can be-

come infinite.

= In an empty bulk with a negative cosmological constant As
(AdS), put at y = 0 a self-gravitating brane with intrinsic

tension ¢ > 0, satisfying

\ t (8 i),

— Assuming Zy-symmetry (y — —y), one gets the geometry
ol s? ri"!‘r/H)_;‘.,r.’.r"‘rf.r" | n'j,'j,

with

aliy ‘ , i= 1/_..6/[\

]
lo 0
— In this case, the effective 4-dim Planck’s mass is given by
ME = ML ¢

The curvature scale £ plays the role of a compactification scale

and standard gravity is recovered down to scales ~ .

Gravity experiments ==( < (. L.
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; Viable brane cosmology 7

Use the idea of Randall and Sundrum:
1. Consider a bulk with negative cosmological constant A < 0

2. Assume the brane is endowed with an intrinsic tension o, so that
pilt) = o + plt),
where p(t) is the energy density of usual cosmological matter.

THEN
4 4 -4 *

and one recovers approzimatively the usual Friedmann equation if

44 ?‘%02 =~ (0 (Randall-Sundrum condition) ==87G = 5(;0,

Two new features
e A p? term, which dominates at high energy;

o A radiation-like term, C/a}, usually called dark radiation.

TRANSITION : High energy regime — Low energy regime
pPo = pkKo

Unconventional cosmology — Standard cosmology

e Analytical solutions (C =0, w = P/p = const)

pr~ea q=3(1 4 w)

1/q
i
alt) o t1/4 (1 4 g—l)

gives

At time ¢ ~ £, transition t'/¢ — ¢2/4,

e Non zero effective cosmological constant, efieetisse :

A &42 A

6 367 T3

which gives

a(t) o {Sh (th) + [ch (q\/z\_/i}t) - 1] / (E\/X?-?;) }]/q

e One can also solve explicitly for the bulk metric.

For C =0,
a(t,y) = ap(t) [chpy — n(t)shp|y|]
n(t,y) = chuy — (n(t) + H, ') shplyl,
with
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LConstraints on the parameters

The model is characterized by

e the fundamental mass M related to &2 via

k: = M, 5_3

o the AdS lengthscale ¢, defined by

A:_ﬁ

My and [ are not independent since the four-dimensional Planck mass
is given by
Mp, = M3t

Two constraints:

o Nucleosynthesis: ¢!/ > 1 MeV (and ¢ = 6/(k*) = 6MS/M3)
=M; > 10" GeV

e Newton’s law: £ < 1 mm =M, > 10° GeV, o'/* > 102 GeV

Another point of view

e The bulk metric is in fact AdS-Schwarzschild. In a static coordi-

nate system
. , dR? % e
ds? = — f(R)AT? + S 4 RS2,
f(R) .
with ,
R C
f(R) = A'+W_F’ k = 0,1,
e The brane is moving

Given the trajectory (T'(t), R(t)), the induced metric on the brane
is given by
ds? = —dt* + R*(t)d%}

R(1) is the brane scale factor !

e Junction conditions: [K,,] = —k* (S, = (5/3)gw)

One finds ,
1 . K
R = 2
(if) - wa+n P

==-Modified Friedmann eq
R ok, 1 C
Bowh Tt
(t) : o+ 3H (py + Py) = 0.

=>Standard conservation law
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LProduction of bulk gravitons by the brane

So far, the bulk has been assumed to be strictly empty. However, the

fluctuations of brane matter generate bulk gravitational waves,

e Bulk gravitons are produced in the process

v+ =G

e In the Randall-Sundrum framework, this interaction is governed

by the action
SF-T" = ""‘/’d;lm T”U h’h{/((l:s y= 0))
where h,,(z,y) are the metric fluctuations defined as

ds® = (e‘z"l"’l N + 26hy,, (2, ;c/)) da' dz’ 4 dy? |

e The metric fluctuations can be decomposed into “Kaluza-Klein”

modes:

b (2, y) = /dmu,,,(y) 5,',’,’)(,r),

e For ¢(p1) + ¥(p2) — G(m), the averaged square amplitude is
given by (s = (p1 + p2)”)
3 IMP = K )24 5
with
, Ap=1, A, =4

Substituting in the Boltzmann equation,

dp

5 I,gp
—+3H(p+p) = ﬁ/dm[( = Cn,
dt ( J @xpP "

with the collision term

_1 d’p, d*py
Clil=3 / (2r)® 2B, (27)° 2E, D IMP fify @m)' 69 (o1 +pr = p)

one finds
315

p+dHp = -

(3 B |

= g(T) KT,
with
9(T) = (2/3)gs + 490 + g5.

Using p = (72/30)g.T*, one gets

p+AHp = =2F

with

mEN R
F=or’?, a= (708{0) g

g
=) <~ 0095
256m7) g2 = 00 g2

Page 6
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Radiating brane

[D.L. + L. Sorbo + M. Rodriguez-Martinez, PRL (2002)]
e To model the system Bulk + Radiating Brane, one can use a gen-
eralized five-dimensional Vaidya metric
ds® = — f(R,v)dv® + 2dRdv + R*dx*,

with

describing an ingoing radiation flow. Here, v is a null coordinate.

e If C(wv) is constant, one recovers the AdS-Schwarzschild metric
dR?
f(R)
with the coordinate change T'= v — [ dR/f(R).

ds® = — f(R)dT? + + R2dx?,

e The generalized Vaidya’s metric is a solution of the five-dimensional

Einstein’s equations with

Tap = F kakg, kak? =0, (kaut = 1),

The gravitons are radial |

The junction conditions give
¢ the modified Friedmann equation:

B &, f &'y 4 C
R owh T g T g +ﬁ

e the non-conservation equation

p+3H(p+ P) = -2F.

Einstein’s equations imply that, on the brane, the evolution of the

Weyl parameter is given by

2
—m—H .
g P I)

Inserting F = ak®p?, one gets a closed system of first-order differential

C= ;H“!j‘-ﬂd (

equations for the evolution of the variables (a(t), p(t), C(t)).
¢ High energy regime:
a4 o tl/4(l+3a)’ C~ 151/(1+3u¢)’
e Low energy regime:
a~tY2 €~ const.

The production of bulk gravitons is negligible.
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| General framework I

e The bulk is not empty but filled with a gas of gravitons, with

energy-momentum tensor
Tag = / &’p & (pup™) V=3 f paps.
e From the 5D Einstein equations,

1 .
Rap~ 5{;.4133 + Asgap = K [Tap + Sand(y)] ,

one can derive the cffective 4D Einstein equations [Shiromizu,
Maeda, Sasaki, PRD (2000)]

4 2 w
( )GJ“’ = .‘i,:‘(’r’“, + T](fﬁ) + T;[uj ) + T,-EII}))‘

with &1 = k% and

.2

L2 (T K 3 2
-‘\-47"(”,) - ﬁ'ii [GT,H.HT;/” - QTT]H/ - }).“,,(37',,,.1’:'” =T )] )
2.W) H A BB D
“47';(m ) = =B pepntn hy b,
+2
2._(B 2K A B a8 _ Llra
h’=lTr(i|/] = T Taph fﬂh' vt h;w (T4Bﬂ' o= ‘1“7-{ A s

This leads to

e the first Friedmann equation

.2 ,
=4 [(1 + L) p+ " 4 p“ﬂ ,
3 20

e the non-conservation equation for brane matter

p+3H (p+p)=2Tgrsn"u’ < D

e the non-conservation equation for “dark radiation” pp = p&) +
AW,

f)]) b 4H,DD = =3 (1 + E) 7:;311'4713 - 2H€7:;B’H,ATLB .
a

— the flux term #nicrenses the amount of dark radiation
— the extra-dimensional pressure term decreases the amount of

dark radiation.
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Gravitons in AdS I

[A. Hebecker + J. March-Russel NPB (2001); D.L. + L. Sorbo, hep-
th/0306281]

Consider AdS as background

. dr?

ds® = —f (r) dT? + 7 +ridx®,  f(r) = .

TA

With dimensionless quantities (H = H/p, j = p/o), the Friedmann

equation reads /{? = 2/ + j’, and the brane trajectory is given by
dr v, H 2 V2p+ i 2 V2 pirt+ p?
e = =
dr T V14 2 1+ p rt+ pi

The graviton trajectories can be computed explicitly [R. Caldwell, D.L.,
PLB (2001)]

The gravitons are emitted by the brane and then propagate in the bulk
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At any given point of the brane trajectory, the bulk gravitons are of
two types:

e the gravitons that are just being emitted by the brane, whose

distribution is given by

g a2 :
.f(r‘m‘i (Tﬂ,, P) =55 &t m?

! p+m?/T
21“ 7‘—5 '

&

so that

{em) _ 3 E . _ﬁ Gl T8
7:”: = / dmd P B f(('m) o 21[) ﬂ..‘}gh T

p)
- 3 M :
,”,_") = fdm dgp Y Siem) = 4—9 K2T®

.ﬂ"l

e the gravitons that are bouncing off the brane.

Their distribution is evaluated by taking into account

— the free propagation in the bulk (Liouville equation);

— the reflexions on the brane.

The gravitons bouncing off the brane contribute only to the pres-

sure term (cancellation in the flux term).
In summary

pp+4Hpp = <2(1+ p) ;™ = 2HTS™ — 4aHT

nn nn -

e Evolution of the “dark radiation” e¢p = pp/pr

p,=1778
1 i, =1000
p; =100
o =10
01}
&
001 |
0.001
1 2 3 4 5 [} 7 8 ] 10

Late in the low energy regime, pp behaves like radiation, i.e. the

production of bulk gravitons becomes negligible.

e Dependence of € on the initial energy density p;

o Present anaiysis »
Frr R—
)| .
& 001 F e
0.001 .
! % 100 1000

Py

o S M} =sp, /o < (Mp/M;)* = 10°(M;/10°GeV) 3
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f Constraints from nucleosynthesis

e The nucleosynthesis scenario constrains the number of additional

relativistic degrees of freedom, usually expressed in terms of AN,,.

o The relation between AN, and ¢p is given by

7( g 1/3
L/

where g™¢! = 10.75 is the number of degrees of freedom at nucle-

osynthesis (in fact before the electron-positron annihilation).

Assuming g, = 106.75 (standard model), this gives

ep =~ 0.35AN,,.

e The constraint
AN, 0.2

~

implies

mel
r .q*

Pp q /3
E[)E-—LSU.(B( =t )

[ep < 0.07 with d.of. of the standard model ].

l Inflation in the h]';mv—'

¢ Bulk inflation: inflation in the brane induced by a bulk scalar field.

e Brane inflation: 4D scalar field confined on the brane

— Modified Friedmann equation =slow-roll conditions are changed

(inflation with steeper potentials than usual GR)

— Scale-invariant spectra for scalar and tensor modes:

with F o~ 1 for H¢ < 1 (low energy) and F =~ (3/2)H¢ for
HE > 1 (high energy).

At high energy, i.e. V 3 o, the two amplitudes are enhanced

but the tensor/scalar ratio is suppressed:

N ‘P'r X \ | "\:>
I -P‘ X Tib r‘r) X 22T,
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| Perturbations in brane (tnsmn]ngyJ

e After considering the homogenous evolution, one must study de-

viations from homogeneity and isotropy
=sThe theory of cosmological perturbations must be revisited
e Direct link with cosmological observations, in particular
= large scale structure
= anigsotropies of the Cosmic Microwave Background.
e Question: does brane cosmology predict deviations from the usual
picture ?

o The full problem requires a 5-dimensional analysis.

Two difficulties:

- the evolution of (metric) perturbations is governed by partial

differential equations which are not separable

- there is potential information outside our brane-Universe, in the

bulk. One must specify the boundary conditions.

Description from the brane point of vic‘.wl

¢ Effective Einstein equations on the brane:

y ) 2 o %
(’,h' 1 -\\.’l'.w" By Ton K ll,‘u' - !‘4

s

e The metric with linear scalar perturbations reads (in the longitu-
dinal gauge)

)

ds® = —(1 4 200dt* + a°(1 + 200, dr!

o Projected Weyl tensor E,, =ecffective energy-momentum tensor
for a “Weyl fluid™:

(P 4+ dpp) avqp;
~Ki* B
—a g (Fh+ ’”"nld', + 07’5
with
Et =0, V.El = K V.18

;.s

e The equations governing the cosmological perturbations on the
brane are similar to the standard ones with two types of correc-

tions:

— Modified backgronnd-dependent coefficients @ negligible when
pKo.

_\.i.ﬁmngm] H‘Hn-wi!ia to the Wevl Huued f
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' CMB anisotropies I Conclusion: the CMB signature depends on the anisotropic stress of

the Weyl fluid ==>one needs to «tudv the evolution of the perturbations

iy the bulk.
o It is useful to define the (gauge-invariant quantity) !

i _dp Two recent studies in the low-energy limit for a two-brane system:
¢ = TR

which is conserved, { = (., on large lengthscales (k < aH) for

adiabatic perturbations. Byl 80 A
g tn=2ikao fnf
= s §C= 16 1

e One can also define (i, that includes the “dark radiation” per- § = E;:E / K. Ko\(amq

g e ar:'.-: 24

turbations, and whose evolution can be solved explicitly for large

scales : oo - (astro "’L‘ /o3 o3 108
) ) I}’ - ) . 1 5p¢/pr.51£‘- 3 100 "n.l 1000
Lot 3 Cy A e e 5, C=0 A
" 3p+ P14 /J/f]‘) ( ) ﬁ_.._ (:U_= " _."’,»,"!
e BO=05G ,"‘/ \\\; .
[ s v AN
protaniind /A
e Einstein’s equations relate (;»+ to the metric perturbations ® and o
o T e
¥ but now
P h‘]‘u"chp % U,
e The Sachs-Wolfe effect can be expressed as o ' : TP
5T i 035 | 4
P { e W = Y -4 Y A =] : o ke
T ) o (¢ + M I /, dipahy, (N P). A K.Lxri#.:.f G f’-w-,
k i a e
LEAS Bog = Yeans ’
p oz ke vh/oiob 343
e Direct Sachs-Wolfe effect asive- ph/ :
0158
| 2 p; ; s O iy
G b Y oo =, = ‘--/‘e\(,), — Kja dnp -_‘i / drpa'’“da. a1
O g, n a’* Jy W
o . .
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Conclusions l

& One can test the hraneworld idea in
1. Modification of Newton’s law
2. Signatures in colliders
3. Cosmology
Cosmology is the most indirect way but might be the only one (if

M, is not low enough)

o Randall-Sundrm cosmology is a simple toy model to study brane

effects in cosmology.
o [omogencous cosmology
Two new features:
— ;" term in the generalized Friedmann equation
— “Dark radiation” (constrained by nucleosynthesis)
o Cosmological perturbations
— predictions for a single-brane model not yet obtained

— some recent results in low-energy two-brane models




