T-duality in string theory via
noncommutative geometry

type IIA <— type IIB

Mathai VVarghese
Department of Pure Mathematics
University of Adelaide




References: (K-theory & T-duality)

* Papers on how K-theory enters type II string theory
via the classification of D-brane charges and RR fields:
e R. Minasian, G. Moore,

K-theory and Ramond-Ramond charge,

JHEP 11 (1997) 002, [hep-th/9710230].

e P. Horava,

Type IIA D-Branes, K-Theory, and Matrix Theory
ATMP 2 (1999) 1373-1404, [hep-th/9812135]

e G. Moore, E. Witten,

Self-Duality, Ramond-Ramond Fields, and K-Theory,
JHEP 0005 (2000) 032, [hep-th/9912279]

e D. Freed, M. HopKkins,

On Ramond-Ramond fields and K-theory,

JHEP (2000), no. 5, Paper 44, 14 pp

e D. Freed, E. Witten,

Anomalies in string theory with D-branes,

Asian J. Math. 3 (1999), no. 4, 819-851.

e D. Freed,

Dirac charge quant. and generalized diff. cohomology,
Surv. Differ. Geom., VII, (2000) 129-194, Int. Press.
., K-Theory in Quantum Field Theory,

Current develop. in math., 2001, 41-87, Int. Press

*Disclaimer: Only references of importance to this talk are listed
and is not meant to be an account of the history of the subject.




How twisted K-theory (torsion twist) enters type II
string theory via the classification of D-brane charges
and RR fields:

e E. Witten,

Overview of K-theory applied to strings,

IJMP A16 (2001), 693—706, [hep-th/0007175];

, D-branes and K-theory,

JHEP 12 (1998) 019, [hep-th/9810188].

e A. Kapustin,

D-branes in a topologically nontrivial B- field,

ATMP 4 (2000) 127-154 [hep-th/9909089]

Papers on how twisted K-theory (general twist) en-
ters type II string theory via the classification of
D-brane charges and RR fields in an H-flux:

e P. Bouwknegt and V. Mathai,

D-branes, B-fields and twisted K-theory,

JHEP 03 (2000) 007, [arXiv:hep-th/0002023].

e J. Rosenberg,

Continuous-trace algebras from the bundle theoretic
point of view,

J. Austral. Math. Soc. A 47 (1989), no. 3, 368—381.
e P. Bouwknegt, A. Carey, V. Mathai, M. Murray
and D. Stevenson,

Twisted K-theory and K-theory of bundle gerbes,
CMP 228 (2002) 17-45, [hep-th/0106194].




e G. Segal,

Topological structures in string theory,

Royal Society London Philos. Trans. Ser. A 359
(2001) 1389—-1398.

e M.F. Atiyah,

K-theory past and present,

Sitzungsberichte der Berliner Mathematischen Gesellschaft,
411-417, Berliner Math. Gesellschaft, Berlin, 2001.

e M.F. Atiyah, G. Segal,

Twisted K-theory,

Collected works of M.F. Atiyah. Vol. 6. Oxf. Sci.
Publ. Oxf. Uni. Press, New York, 2004.

e D. Freed,

The Verlinde algebra is twisted equivariant K-theory,
Turkish J. Math. 25 (2001), no. 1, 159-167

, T'wisted K-theory and loop groups,

Proc. ICM, Vol. III (Beijing, 2002), 419-430, Higher
Ed. Press, Beijing, 2002.




Papers on T-duality for trivial torus bundles in a topo-
logically trivial background flux via K-theory

e K. Hori,

D-branes, T-duality, and index theory,

ATMP 3 (1999) 281-342, [hep-th/9902102].

e D.-E. Diaconescu, G. Moore, E. Witten,

E8 Gauge Theory, and a Derivation of K-Theory from M-T heory,
ATMP 6 (2003) 1031-1134 [hep-th/0005090]

T-duality for circle bundles in a topologically non-trivial
background fux - the T-dual is always classical

e [BEM] P. Bouwknegt, J. Evslin, V. Mathai,
T-duality: Topology Change from H-flux,

CMP 249 no. 2 (2004) 383-415 [hep-th/0306062]

° , On the topology and H-flux of T-dual manifolds,
Physical Review Letters 92, 181601 (2004).

e I. Raeburn, J. Rosenberg,

Crossed products of continuous-trace C*-algebras by C* actions,

Trans. Amer. Math. Soc. 305 (1988), no. 1, 1-45.

T-duality for torus bundles in a topologically non-trivial
background fux, when the T-dual is classical

e [BHM] P. Bouwknegt, K. Hannabuss, V. Mathai,
T-duality for principal torus bundles,
JHEP 03 (2004) 018, 10 pages [hep-th/0312284].



T-duality for torus bundles in a topologically non-trivial

background fux, when the T-dual is a
field of noncommutative tori

e [MR] V. Mathai, J. Rosenberg,

T-duality for torus bundles via honcommutative topology,

CMP 253 no. 3 (2005) 705-721 [hep-th/0401168]

e [MR2], T-duality for torus bundles via noncommutative topol-
ogy II: the high dimensional case and the T-duality group,
[hep-th/0508084]

T-duality for torus bundles in a topologically non-trivial
background fux, when the T-dual is a
field of nonassociative tori

e [BHM?2] P. Bouwknegt, K. Hannabuss, V. Mathai,
Nonassociative tori and their application to T-duality,
CMP (to appear) [hep-th/0412092]

e [BHMS3], T-duality for principal torus bundles and di-
mensionally reduced Gysin sequences,

ATMP (to appear), [hep-th/0412268]



The idea of T-duality

The simplest example is a free theory on a
torus T = R"/I", where " is a lattice in R".

The partition function is a theta function,

2 2
Zr() =3 e 27
zEF
where I is the dual lattice in the dual vector

space R™.

By the Poisson summation formula, this is
equivalent to the partition function ZF on the
dual torus T" = R"/T", and r < 1/r.

T he situation however gets much more com-
plicated when a background flux H is turned
on, where [H] € H3(T™,Z), and [H] # 0, and

will be discussed later.



T-duality In the literature

Spacetimeis M x T, with trivial background
flux - then the T-dual is topologically the same
space M x T, and T-duality is realized by using

the correspondence

MxTxT (1)

M x T M x T

Poincaré line bundle P: There is a canonical

line bundle P over the torus T x ’[AF, defined
as follows: Consider the free action of Z on
R x T x C given by,
Zx(RxTxC) — RxTxC
(n,(r,p,2)) — (r+mn,p,p(n)z)
The Poincaré line bundle is defined as P =
(R x T x C)/Z, its curvature is F = df A d#.



In this case, T-dualizing on T, the Buscher
rules for the RR fields can be conveniently

encoded in the formula on M x T x T,

G e Q*°(M x T) is the total RR fieldstrength,

G € Qe (M x T)  for Type IIA;
G e Qold(M xT) for Type IIB.

Here F = dOAdA is the curvature of the Poincaré
line bundle P on T x T, so that e/ = ch(P) is

the Chern character of P.

Note that G is a closed form if and only if its
T-dual TxG is a closed form. So the Buscher

rules (2) can be interpreted as an isomorphism

T H*(M xT) — H*TL(MxT). (3)



Recently, it was argued by Minasian-Moore,

Horava and Moore-Witten that,

Type IIA string theory
RR fields are classified by K9(X);
Charges are classified by K1(X);

whereas,

Type IIB string theory
RR fields are classified by K1(X);
Charges are classified by K9(X).

Note the parity shift!




The T-duality discussion given earlier can also
be realized also in K-theory, and thus to the
classification of D-branes on M xT and M x T,

by using the correspondence

MxTxT (4)

M x T M x T

Induces a T-duality isomorphism of K-theories

T K*(M xT) — K*T1(M xT) (5)
given by Ty =51 (p'( - ) ® P).

That is, T-duality in the absence of a back-

ground field, gives an equivalence

Type IIA theory <— Type IIB theory

N.B. No change in topology!



T-duality in the absence of a background flux
can be summarized as the commutativity of

the following diagram,

K*(M xT) —5 K*+t1(M x T)

N E

H*(M x T) =% H*FL(M x T)

where the horizontal arrows are isomorphisms,

and ch is the Chern character. That is,

ch(T1(Q)) = Txch(Q)

for all Q € K*(M x T).

The aim: to generalize this to the case when

there is a non-trivial background flux.




T he case of circle bundles

In [BEM], we investigated the general case

where E is an oriented T-bundle over M
T — FE
d (6)
M
classified by its first Chern class

c1(E) € H2(M,7), with H-flux H € H3(E,Z).

The T-dual of FE is another oriented T-bundle
over M, denoted by E,

J

(7)

)
—

<

which has first Chern class c1(E) = 7 H.



The Gysin sequence for E enables us to define
a T-dual H-flux H € H3(E,Z), satisfying

c1(E) = 7., (8)

where my : HY(E,Z) — H*1(M,Z), and simi-

larly 7, denote the pushforward maps.

N.B. H is not fixed by this data, since any
integer degree 3 cohomology class on M that
is pulled back to E also satisfies (8). How-
ever, H is determined uniquely upon choosing
connections A on E — M and A on £ — M.

Explicit formulae will be given later.



The surprising new phenomenon is that there

iIs a change in topology when the H-flux is

non-trivial. N.B. this can also happen when
spacetime is a product E = AdS’ x T3 (a trivial
circle bundle over M = AdS’ x T?) with H-flux
H = aUb, where a = k.vol € H2(T?,7), b the
generator of H(T,Z). Then the T-dual circle
bundle is E = AdS’ x Heis(1, k) with trivial H-
flux, where Heis(1,k) denotes the Heisenberg

nilmanifold, with first Chern class equal to a.

Another example is AdS° x S° with trivial H-
flux, is T-dual to AdS® x CP? x T with H-flux
H = aUb where a = vol € H2(CP?2,7), b the
generator of HY(T,Z).

T-duality for circle bundles is the exchange,

background H-flux «<— Chern class




T-duality & correspondence spaces

EXME

AN
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M




T-duality in a background flux

Choosing connection 1-forms A and A, on the
T-bundles E and E, respectively, the rules for
transforming the RR fields can be encoded in

the formula

T.G = /T AN G (9)
G € Q°(F) is the total RR fieldstrength,

G € Qeven(E)  for Type IIA;
G e QUU(E)  for Type IIB,

where the right hand side is a form on E x 3/ E,

and the integration is along the T-fiber of E.

Recall that the twisted cohomology H®*(FE, H)

is defined as the cohomology of the complex

(Q°(E),dpy = d — HA).



Let F =dA and F = dA,
H=AANF_-Q, (10)

for some Q € Q3(M), while the T-dual H is
given by

H=FNA—-X. (11)
We note that
d(A/\AA):—H—I—H, (12)

so that Ty indeed maps dg-closed forms G to
dg—closed forms T.G. Therefore T-duality Tk

induces a map

Ty : H*(E,H) — H*TY(E. 0).

The inverse is similarly defined, and using the
fact that locally, we have A = df + 7B, A =
dO+ B, one shows after a small computation

that T-duality T% is indeed an isomorphism.




Proposal by Witten, Kapustin (torsion twist),
Bouwknegt-Mathai, Atiyah-Segal (general twist)

- that in the presence of a background H-flux,

Type IIA string theory
RR Fields are classified by K9(X, H)
Charges are classified by K1(X, H)

whereas,

Type IIB string theory
RR Fields are classified by K1(X, H)
Charges are classified by K9(X, H)

Note the parity shift!




Dixmier-Douady theory asserts that isomor-

phism classes of locally trivial algebra bundles
Kp with fiber the algebra of compact oper-
ators K and structure group PU = U/T over
a manifold X are in bijective correspondence
with H3(X,Z). Moreover since K ® K £ K,
such algebra bundles form a group called the
infinite Brauer group, Br(X), which is iso-
morphic to H3(X,Z).

This is proved by noticing that U is contactible
in the weak operator topology so PU isa BT =
K(Z,2) since T = K(Z,1). Therefore BPU =
K(Z,3). Therefore principal PU bundles P are

classified up to isomorphism by
[ X, BPU] = [X,K(Z,3)] = H3(X, 7).

Then Kp = (PxK)/PU and DD(Kp) € H3(X,7Z)

IS its Dixmier-Douady invariant.



Also relevant here is the theorem of Serre,
which says that a cohomology class H3(X,Z)
can be represented by a locally trivial algebra
bundle with fiber the algebra of finite dimen-
sional matrices if and only if the cohomology

class is torsion.

Decomposable nontorsion example. Let o €
H1(X,Z) and 8 € H?(X,Z). Then « can be
thought of as a character yqo : m1(X) — Z

with associated Z-covering space X. Simi-
larly, B can be thought of as a principal bundle
U(l) - P— X. m: Pxx X — X is a princi-
pal U(1) x Z-bundle over X with DD invariant
aUB. Now (1/,n) € U(1)xZ acts on L2(U(1)),

(c(m) V) ="f(), (@(NHG) = F&).

Since [o(v),0(n)] = ~™I, this is a projective
action, i.e. o :U(1) x Z — PGL(L?(U(1))) is



a homomophism. Equivalently, o is a repre-
sentation of the Heisenberg group H in this

context, i.e. the central extension,

1—-U(1) - H—-U(1l) XxZ — 1.

So P xxy X Xo PGL(L?(U(1)) is a principal
PGL(L?(U(1))-bundle over X with DD invari-
ant aU (.

Twisted K-theory. Twisted K-theory was de-

fined by J. Rosenberg as the K-theory of the
C*-algebra of continuous sections, C(X,Kp) -
we will also denote this algebra by CT(X, H),
where H = DD(Kp). Twisted K-theory will
be denoted by K*(X,H). It is a module over
KO9(X) and possesses many nice functorial prop-

erties.



Back to T-duality in an H-flux. The earlier

discussion in twisted cohomology can also be
realized in twisted K-theory and, in this more
general setting, T-duality gives an isomorphism
of the twisted K-theories of E and E,

T.: K*(E,H) — K*TYE, A)

defined by

Ti=p (p(-)®L)

where L is the substitute for the Poincaré line
bundle. It is no longer necessarily a line bun-
dle on the correspondence space FE Xy E, but
rather a line bundle on the total space of a
principal PU bundle @) over the correspon-
dence space E x; E with Dixmier-Douady in-
variant H — H. The first Chern class of £ is
c1(L) = AN A — B+ B determines £, , where

we recall that d(AA A) = H— H = d(B — B).



Several of the constructions used in the def-
inition of T-duality on twisted K-theory are
adapted from different joint work of V.M. with
Melrose and Singer.

T-duality in the presence of a background flux
H can be summarized as the commutativity of

the following diagram,

T SN
K*(E,H) =5 K*TI(E, A)

ChHJ Jchﬁ (13)

H*(E,H) L g*t+1(E o)

That is,

chg (Ti(Q)) = Tuchg(Q)



Sample calculations

Lens spaces L(1,p) = S3/Zp, which is the to-
tal space of the circle bundle over the 2-sphere

with Chern class equal to p times the genera-
tor of H2(S2,72) £ 7.

KYL(1,7),H=1Fk) =2 KT L(1,k),H=7).

In particular, since L(1,1) = S3 = SU(2) we

obtain an isomorphism

KYSU(2),H =k) =2 K'Y (L(1,k),H = 1).

In particular, since L(1,0) = S2 x T, we obtain

an isomorphism
KW(S?xT,H==k) =2 KTHL(1, k) (14)

which shows that it is a ring.



The case of principal T?-bundles

In [MR], we investigated the general case where

E is an oriented T2-bundle over M,

T2 — E
T (15)
M

which is classified by its first Chern class
c1(E) € H2(M,Z?). We again assume that E
comes with an H-flux H € H3(E, 7).

However, in this case, the T-dual of E is not

in general another oriented T2-bundle over M!



A famous example of a principal torus bundle

with non T-dualizable H-flux is provided by

T2 ., T3
pl (16)
T
with H-flux H = kvol € H3(T3,Z), k # 0.
Since p«[H] = [y H] # 0, and there are no
non-trivial principal T2-bundles over T since
H?(T,Z?) = 0, it follows that there is no way
to get a T-dual that is another principal torus
bundle with H-flux over T. Upon doing T-
duality one circle at a time, the 2nd circle dis-
appears, as noticed by S. Kachru, M. Schulz,
P. Tripathy and S. Trivedi, [hep-th/0211182].

In [MR], we proposed that the T-dual in this
case is instead a continuous field of stabilized

noncommutative tori fibered over T. This

will be justified shortly.



Noncommutative torus

For each 6 € [0, 1], the noncommutative torus

Ap is defined abstractly as the C*-algebra gen-
erated by two unitaries U and V in an infinite
dimensional separable Hilbert space satisfying

the Weyl commmutation relation

UV = exp(27if)VU.

Elements f in Ay can be represented by infinite
power series, where a(, .y € C,
f — Z a(n,m) umnyn, (17)
(m,n)€Z2
The stabilized noncommutative torus Ap ® K

is isomorphic to the foliation algebra of the

space of leaves of the Kronecker foliation on
T2 defined by the equation dxz = 6dy on TZ.




An important realization of Ay in physics is as
the norm completion of the algebra of Schwartz
functions S(R?) on R? with the Moyal product:
for all f,g € S(R?),

(F % 9)(2) = (77359 £ (2)g ()

or equivalently,

rT=y==z

(F*9)(x) = ¢ [ dwdy ™™ (= + 02)g(= + v).

Upon taking the partial Fourier transform, there
is an isomorphism Ay = C(T) %y Z, where the
generator of Z acts on T by rotation by the
angle 27w0. Because of this Ay is also known

as the rotation algebra.

A couple of key properties:
When 6 € Q, Ay is Morita equivalent to C(T?).

However, when 0 € QQ, Ay is a simple algebra

(i.e. spectrum is a single point).



Theorem (Rank 2 bundles) Let n: E — M
be a principal T2-bundle and H € H3(E,Z) an
H-flux on E. Let moH = /TQH c HY(M, 7).

1. [BHM] If m,H = 0 € H1(M,Z), then there
IS a uniquely determined classical T-dual to
(7, H), consisting of ## : E# — M, which is a
another principal T2-bundle over Z, and H#* ¢
H3(E#.7), the “T-dual H-flux” on E#. T-

dualizing a circle at a time works - the picture

IS exactly as in the case of circle bundles.

E x5 E#

W \@m
E E7
X %
M



2. [MR] If m«H # 0 € HYM,Z) = [M,T],

then a classical T-dual as above does not ex-

ist, i.e., T-dualizing a circle at a time does
not work. In this case however, there is a
“nonclassical”™ T-dual which is a continuous

field of noncommutative tori over M whose

fibre over m € M is Ay(,,), where f: M — T
is a continuous function, [f] = m«H. Geomet-
rically, the T-dual can be viewed as a rank 2

bundle of (Kronecker) foliated tori over M.

N



The mathematical theorem proved in [MR] is
that for T2-torus bundles, the R2 action on
E lifts to a R? action on CT(E, H), where
CT(FE, H) is the algebra of sections of a bundle
of compact operators with Dixmier-Douady

invariant equal to H.

Then the T-dual of (E, H) is defined to be
the crossed product CT(E, H) x R2. It has an
action of the dual group R? and Takai duality

asserts the Morita equivalence

CT(E,H) < CT(E, H) x R? x R2

The implication is that T-duality, when ap-
plied twice, returns us to a physically equiva-

lent algebra. This is the 1st justification of

the crossed product algebra as the T-dual.



Brief digression on crossed products Let A

be a C*-algebra, and a an action of a locally
compact abelian group G on A. Then the
crossed product A xqo G is the norm comple-
tion of C.(G,A) with product given by con-
volution multiplication on G and the formal

relation g.a.g~ ! = agla), g€ G,a € A.

Now on the crossed product A xo G, there is
an action a of G given by multiplication by G
on functions on G, with formal relations ~v.a =

a.y, 7.9y L = (y,g)g forally € G,g € G,a € A.

Then Takai duality says that there is a canon-

ical isomorphism,

AXgGxzgGEARK.



We have the isomorphism of K-theories

T : K*(E, H) — Keo(CT(E, H) x R?)

which is Connes Thom isomorphism theo-

rem, giving the 2nd justification of the crossed

product algebra as the T-dual.

We also have the commutative diagram,

K*(E,H) % Keo(CT(E, H) x R?)

e E

H*(E,H) — HPJ(CT(E, H)® x R2)

where the horizontal arrows are isomorphisms,
Chy is the twisted Chern character, Ch is the
Connes-Chern character and the lower hori-
zontal arrow is the Elliott-Natsume-Nest Thom

iIsomorphism in periodic cyclic homology.



In the example of the trivial torus bundle,
T? — T3
d
T
with H-flux H = kvol € H3(T3,Z), k # 0, then

It turns out that the T-dual is
CT(T3,H) x R°=C*(Hy)® K,

where Hry is the integer Heisenberg group,
1

1l x Tz
Hy = 01 y | :z,yz€l;,
O 0 1

which is a Z-central extension of Z2

O—>Z—>HZ—>ZQ—>O.

Mackey induction via the central Z subgroup

of Hy gives the direct integral decomposition,

C*(Hp) @ K = /eeTAgdG 2 K.



3rd justification of T-dual:

Can reformulate T-duality for circle bundles

discussed earlier, via C*-algebras as follows.
Let

FE

7|

M
be a principal circle bundle and H a closed,

T —

integral 3-form on E. Then there is a con-
tinuous trace C*-algebra CT(E, H) with spec-
trum equal to £ and Dixmier-Douady invariant
equal to [H] € H3(E,Z). Using a connection
on the associated principal PU bundle, the R
action on E lifts to an R action on CT(E, H)
(uniquely!, cf. Raeburn-Rosenberg), and one

has a commutative diagram,



spec(CT(E,H) X 7)

spec(CT(E,H)) spec(CT(E,H) xR) (18)

N

spec(CT(E,H))/R

That is, Raeburn-Rosenberg show that the C*-
algebras CT(E,H) x Z and CT(E,H) xR are
also continuous trace C*-algebras with
spec(CT(E,H) x R) = E a circle bundle over
M = spec(CT(E,H))/R, such that c¢i(E) =
m«[H] and the Dixmier-Douady invariant of
CT(E,H) x R is [H] € H3(E,Z), such that
c1(E) = #«[H], and spec(CT(E,H) x Z) =
E X E is the correspondence space, i.e.

we recover the T-duality for circle bundles.




Theorem (rank n case, part 1) [MR2] Let

|
M
be a principal torus bundle over M, [H] €

H3(M,Z). Then the R" action on E lifts to
a R™ action on CT(E,H) if and only if the
restriction, *[H] = 0 € H3(T™ Z) is trivial.
This is a nontrivial obstruction < n > 3.

7
™ —

(1) If 0 = m.(H) = (fo H, .. [y H) e HY (M, H2(T", 7)),
where k = (72”) and TJQ- are the subtori of rank
2 in the torus fibers, then there is a uniquely
determined classical T-dual consisting of il
E# — M, which is a another principal T"-
bundle over Z, and H#* ¢ H3(E#,7), the “T-
dual H-flux" on E#. T-dualizing a circle at a
time works and the picture is exactly as in the

case of circle bundles.



(2) If 0 # n.(H) € HY (M, H?*(T", 7)) = [M,T*], then
the T-dual is again defined as the C*-algebra
CT(E,H) x R"™, which is again a continuous
field of honcommutative tori, whose fiber at
the point x € M is the noncommutative torus
Ag(py Of rank n where f: M — T% is a contin-
uous map corresponding to m«(H). Geomet-
rically, the T-dual can be viewed as a rank n

bundle of (Kronecker) foliated tori over M.

N



We also have a commutative diagram

K*(E,H) —  Kepn(CT(E, H) x R?)

e E

H*(E,H) —> HP,,(CT(E, H)® x R")

where the horizontal arrows are isomorphisms,
Chyg is the twisted Chern character and Ch is

the Connes-Chern character.

Observations so far: A striking fact is that

starting off with a type II string theory on a

(compactified) classical spacetime which is

a non-trivial torus bundle with topologically
nontrivial background H-flux, then the T-dual

Is a type Il string theory on a noncommutative

spacetime, which is a continuous field of non-

commutative tori. The action etc has been
studied in special situations cf. D. Lowe, H.
Nastase, S. Ramgoolam, [hep-th/030317]



Nonassociative tori

Definition in 3D. Let Uy,U,, U3 be generators

satisfying the relations

2™ (UsUz) = (U1U5)Us,

where ¢ € R is a tricharacter and e2™¢ ¢
H3(Z3,U(1)) is the associator. The algebra
generated by Uq,U>, Uz is what we call the 3D

nonassociative torus. Jackiw's nonassocia-

tive anomaly in QFT /gauge theory is related.

The right context for studying it and its hy-
brids is the theory of generalized C*-algebras

in the monoidal/tensor category of G-modules
(where G = R™) with non-trivial associator
given by a tricharacter ¢ of G, which is what
is developed in [BHM2] and in some work in

progress.



Theorem (rank n case, part 2) [BHM2] Let

7|
M
be a principal torus bundle over M, [H] €

H3(E,7Z). Now suppose that the restriction,
*([H]) # 0 € H3(T", Z).

7
™ —

Then the R™ action on E lifts to a twisted R"
action on CT(FE,H) and the T-dual of (E, H)

is defined to be the twisted crossed product

CT(E, H) ¥t R Which is a nonassociative alge-
bra, or what we call a generalized C*-algebra.
It is in general is a continuous field of hybrids

of noncommutative tori & nonassociative tori.




Justification of the T-dual
First of all, when *([H]) = 0 € H3(T", 7),

then the twisted crossed product is the stan-

dard crossed product and we are reduced to
the earlier definition of the T-dual. Then we

prove in [BHM?2] the following untwisting trick:

(CT(E,H) Xuwist R") @ K £ (CT(E,H) @ Kg) x R™.

IC¢ IS @ nonassociative deformation of the al-
gebra of compact operators K on L2(R"), such

that on the smoothing operators it looks like

TixTo(e,2) = | o 6y )T1 (e, ) Ta(y, )y

We also prove a new Takai duality theorem

in this context, which says in particular that,

This enables us to conclude that T-duality ap-

plied twice is the identity.



Finally, in some work in progress, we first de-
velop the K-theory of our nonassociative gen-
eralized C*-algebras, and use the Takai du-
ality theorem proved in [BHM2] to prove a
new Connes-Thom isomorphism theorem

in this nonassociative context of generalized
C*-algebras, thereby fully justifying the twisted
crossed product algebra as the T-dual of a

general principal torus bundle with H-flux.



Summary of 4 important special cases:
1) The T-dual of the torus T3 with no back-
ground flux is the dual torus T3. Similar if

the background flux is topologically trivial.

2) (T3, kvol) considered as a trivial circle bun-
dle over T2. The T-dual of (T3, kvol) is the
Heisenberg nilmanifold (Hr/Hy,0), where Hp

is the 3D Heisenberg group, Hy a lattice in it.

3) (T3, kvol) considered as a trivial T?-bundle
over T. The T-dual of (T3, kvol) is a continu-
ous field over T of stabilized noncommutative
tori, C*(Hyz) ® K, since [p2 kvol # O.

4) (T3, kvol) considered as a trivial T3-bundle

over a point. The T-dual of (T3, kvol) is a

nonassociative torus, Ay, where ¢ is the trichar-
acter associated to H = kvol, where ng kvol #
0.



Other results covered in our papers

Because of time constraints, the following rel-

evant topics could not be covered.

1) Just as principal torus bundles are classified
by their 1st Chern class, the fields of noncom-
mutative tori (and nonassociative tori) con-
jecturally ([BHM3] are classified by ‘twisted’
cohomology classes (cf. [BHM3]). In the lat-
est paper with J. Rosenberg [MR2], we have
proved this for rank 2 torus bundles, but the

general case is an open problem.

2) There is a classifying space for T-dual pairs,
whose automorphism group is the T-duality
group O(n,n,Z). This acts to give a whole
orbit of T-dual pairs and isomorphisms in K-
theory (with J. Rosenberg [MR2]). This work

generalizes some work of Bunke-Schick.



