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Contact force measurements and stress-induced
anisotropy in granular materials

T. S. Majmudar' & R. P. Behringer'

Interparticle forces in granular media form an inhomogeneous
distribution of filamentary force chains. Understanding such
forces and their spatial correlations, specifically in response to
forces at the system boundaries™*, represents a fundamental goal
of granular mechanics. The problem is of relevance to civil
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FIG. 1: Force chains in a binary system of plastic disks of
two diameters, stressed uniaxially at the boundaries. The
force chains are made visual by the optical birefringence of the
stressed disks. The image is courtesy of V. Sathish Akella and
Mahesh Bandi, Okinawa Institute of Science and Technology.



| will demonstrate the following:

Given the external forces on the disks

Given the directions connecting the centers of
mass of the disks

| can solve for all the forces, normal and
tangential.

| do not need to know the force law for the
frictional forces.



Why is the problem difficult?

If | have N disks and c contacts, there are N constraints on the c forces
ext __
E ft'1j + F_i =0 .
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We can consider separately the force balance equation for the x-components
and the y-components

M|f) = —|F™") .
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The matrix M has dimension 2Nx2c and it contains the “direction information”
The frictionless problem

Without friction the matrix M has dimension 2Nxc, and the system is isostatic
when 2N=c

MTMI|f) = —MT|Fet) |



When the system is pressed c>>2N

M M Has then c-2N zero modes and cannot be inverted!

Now you should say, but what about the torque balance?

> Ti X .;Ffj, + T =0

But now we have c new unknowns!
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The matrix B has dimension 3Nx2c and 2c>>3N
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The matrix Q has dimension 2Pxc
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To proceed we need the normal force law. Assume Hookean.

f,flj — H-[{Ji + Uj}'ﬁij‘."lz — Tt'j] .

Qlr) = Qlo—f"/k)=0,
Qlf") = Qlro) .
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The dimension of the matrix G is (3N+2P)x2c

Are we home free or not?

Let us ask Euler:

N—etr(P+1)=2, —2=2N4+2P_2< 3NL2P.
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FIG. 3: The cumulative percentage contribution to the energy
of the eigenfunctions ¥, of GT G, ordered according to the

magnitude of (¥,|G7 |t)/A,. The convergence is relatively fast
with the first 192 leading eigenfunction (out of 910 modes)
contributing 90% of the total energy.



Forces as computed from simulation

FHF{'.EE computed from 200 Ieadlng modes

'E‘I# ‘-l:‘ A
‘BE**:-'-“%’
e HoTY
T —f* oy ;{1‘ e .n.%‘. |
I R ] SR TRy A <
I"Fm.f"ﬁ"‘i"r”fn:' _ﬁﬁﬁ"‘ 1-;..“1- . 'ﬁ,‘

n i#"'

.o'” -

=10 -5 0 5

R i B
1'1.“'"";‘*"" "-.l' -]

Er
k g ,;,;5‘.. ‘k&

'i'h "'

'w#.#.

: ﬁ:"«ﬁ.«

e wa i ".-n‘
e P,ﬁ';_-,fm, e ;&

(D - ‘*'5?‘1' A N ..r 3
i -y L . M i y
by m;m.-m.n-mﬂmm‘* ".m:'El- Al A o




What next?

* Generalize to 3-dimensions

 Compare to experiments

* Turn to a universal method

e Use to study the stability of force chains
* Use toinvert to find the force law

BB interaction AB interaction
10rf@

 Etc. etc. etc.




Thank you!



