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: d-Dim. fermions with frustration
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Adiabatic principle for gapped systems

w Gapped quantum (spin) liquids |
. Topological order 12
« No symmetry breaking

« No low energy excitations (Nambu-Goldstone)

w Topological characterization for gapped system
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« Example: Adiabatic principle: a lesson from H

« flux attachment (Jain)
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by adiabatic continuation



Adiabatic principle for gapped systems

w Gapped quantum (spin) liquids |
. Topological order 12
< No symmetry breaking

« No low energy excitations (Nambu-Goldstone)

w Topological characterization for gapped system
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« Example: Adiabatic principle: a lesson from H

« flux attachment (Jain)

eeeeeeeeeeeeeeeeeeee

Flux attachment (Jain)

< Adiabatic heuristic argument (Wilczek)

wCollect gapped phases and classify into several classes
by adiabatic continuation

wLabel of the Class : Adiabatic invariant (topological number)
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Characterization of short range entangled states

Generic short range entangled states

topologically single phase (too simple ¢)

With some symmetry A, B

, , YH, ‘06 Chen-Gu-Wen, ‘10
Multiple phases with SYM ' ETRIE Pollmann et al., 10

Time-reversal *

“Many body” Particle-hole ™ (Chiral symmetry)
Inversion

*Anti Unit
bt g :1—-22—-3---.0Q—1



Symmetry in physics
—Text book .
Labeling of quantum states
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wZq symmetry: Sq reduced into Zg with gauge fwisfﬁ
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Short range entangled states

Ex.1) AKLT state "¢

gapped mfeger spin chain

Ex.2) Collection of smglefs ° ° ° >
- o

Something complicated

but gapped

| many-body gap

small
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Short range entangled states

Adiabatic deformation !
gap remains open

Something very simple
& gapped
A & | many-body gap

Decoupled !




Short range entangled states

Adiabatic process to be decoupled: gap remains open

S

. Colle:t:ﬁon &D
V local quanc;um objects f :

(My) def. of short range entangled state
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How to characterize local object @

If decoupled, the twist by the transformation is gauged away !
y 4

¥(0)) = U(0)[1(0))
U(@) _ 67L(S—SZ)9

-+

It characterizes locality of the quantum object !

— Question ¢ N

How to see this locality by skipping the adiabatic deformation ¢

G J




How to characterize local object @

If decoupled, the twist by the transformation is gauged away !

— Answer |

G

¥(0)) = U(0)[1(0))
U(@) _ 67L(S—SZ)9

-+

It characterizes locality of the quantum object !

Calculate a topological invariant as an adiabatic invariant

J




w Two types of topological invariants as “order parameters”
< Chern numbers in even dimensions

< Quantized Berry phases in odd dimensions
(dim. of parameter space)

< Integer spin chains with dimerization
~ Random hopping models
~ Orthogonal dimers in 2D

~ Generalized dimers in Kagome, Pyrochlore ...
: d-Dim. fermions with frustration



Quantization for topological phases

Topological ~Z2=1 =2 =L0,1,2,,-}
22 ZQ:{17277Q(mOdQ)} QEZ
Quantization H|y) = EW} ?,z %ﬁﬁ?

Parameter dependent hamiltonian => Berry connection

v Intrinsically quantized (without boundary)
_Chern numbers: 1st, 2nd, 3rd,....

1
C| = F
QHE ... L 1 o /M2
Y Symmetry protected quantization
-Berry phases & generalization:  ~, = 1 . / A
271 M1

Quantum spin chains,

Z
Spin-QHE ... ‘



Topological quantities : Berry connection
collect M states gapped from the else

V= (1), [0m) (Wylve) = 05 T = By

Berry connection & gauge transformation
A, = \Ifgd\llg =g 'Ag+ g 'dg Fo=dA,; + A?] — g 'Fg
UV, =Vg geU(M) g € Sp(M) with Kramers deg.

Chern numbers : intrinsically quantized
1 1
: 271 /Sz e 872 /34 o 2n dim.
Ir F' = dw, Tr F? = dws
Berry phases & generalizations .
=75 /Sl YL, BT T /33 “13"" any value

Gauge dependent : wi =TrA, w3="Tr(AdA+ gAS), S5

— 9 — A9 : Qi-Hughes-Zhang ‘08
Y1 = V1 (IIlOd 1) YH ‘06 Y3 =73 (mOd 1) YH 09

Some constraint —gp Symmetry protected quantization




Example: Heisenberg model with local twist

Define a many body hamiltonian by local twist as a periodic parameter

H(xz = e") Hy = ZJijSi S
C={zx=e"6:0— 2} 2

1 . .
S, - Sj — §(€_Z957;_|_Sj_ + €+ZHSZ'_SJ'_|_) + S@ZSJZ [Only link <ii>j

H(0)|v(0)) = E(9)|v¥(0)) Lanczos diagonalization

Calculate the Berry phases using the many spin wave function

I Time-reversal
. oY
WCZ/CAZ/ <¢|%>d9 =, 0
0
Z2 Berry phase

Topological order parameter YH, J. Phys. Soc. Jpn. 75, 123601, ‘06
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Symmetry in physics

' Symmetry protection for Berry phases

«Chiral symmetry 4

«Particle-Hole symmetry 7, 8‘,’.9.?”.291.';2.'.1
«Time-reversal symmetry 7,

Inversion symmetry Z2 Zq

wZq symmetry: Sq reduced into Zq with gauge twist

Lq VEQW@ k=0,1,2,---,Q—1
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If gauged away, the Berry phase is trivially obtained
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Gauge transformation & Berry phase

If gauged away, the Berry phase is trivially obtained

z
¥(0)) = U(0)]1(0))
U( ): 1(S—S.)0
A = (ldip) = Sdb
4 v =2mS
+ \
Spins v =278 = S=1/2
Z> S = (odd integer) /2

- J




Gauge transformation & Berry phase

If gauged away, the Berry phase is trivially obtained

4
¥(0)) = U(0)[1(0))
U(@) _ 6z’(S—Sz)H
A = (Y|dp) = 5db
4 v =218
r =+ \
Spins v =278 = S=1/2
Z> S = (odd integer) /2
' Fermions with filling p=P/Q, (P,Q)=1 \
Y =27p = 27?% Za

y
Hirano-Katsura-YH, Phys. Rev. B 78, 054431 (2008)



Spins ~vy=2rS=7 Z,

Fermions with filling ~ = 27p = 2#% Za

S

Symmetry protection ]

m:/A

Quantized Berry phases for short range entangled states



Spins ~vy=2rS=7 Z,

Fermions with filling ~ = 27p = 2%% Za

_—

Symmefry protection
Quantized even if
it is complicated p

(assuming the gap)
Quantized Berry phases for short range entangled states

/NN



w Examples in 1D, 2D, 3D and ...

< Integer spin chains with dimerization
< Random hopping models
< Orthogonal dimers in 2D

< Generalized dimers in Kagome, Pyrochlore ...
: d-Dim. fermions with frustration



1D S=1/2 chains with dimerization

H=Y JiSiSit
(i)

Y.H., J. Phys. Soc. Jpn. 75 123601 (2006)

AF-AF
F-AF case
Ferro-AF .bonds
Hida : 7T bonds




Heisenberg Spin Chains with integer S

S=1 (8,)?=85(5+1), S=1
H=J) 8;-8;+DY» (S7)

(27) z
Y.H., J. Phys. Soc. Jpn. 75 123601 (2006)
Haldane phase

T U U JU T T T T
o O o o o o o o D<DC’

Large D phase

O 0 0 O 0 O o0 O
o O O O O O O O D > D¢

Characterize the Quantum Phase Transition



S$=1,2 dimerized Heisenberg model

T.Hirano, H.Katsura &YH, Phys.Rev.B77 09443108

\_

N/2
H = Z (J152i - S2it1 + J252i41 - S2i42)
=1 J1 = cosf, Jy =sind
Z2Be”‘)’ Phase Red line :Berry phase 7T
S=1N =14 S=2N =10 A
(2,0) (1,1) (0,2) (4,0) (3,1) (2,2) (1,3) (0,4)
| | l | | e — l e —— |
0 6., m/4 w/2 0 0. 0.5 /4 /2
9 : dimerization strength 9 : dimerization strength

JU U JU JU JU U JU JU
o O o o o o o o

0O 0 0 O

0O 0 O

0

o o o o O o o O

S=1 & 2

Sequential transitions among gapped phases



S$=1,2 dimerized Heisenberg model

T.Hirano, H.Katsura &YH, Phys.Rev.B77 09443108

N/2
H = Z (J1S2 - S2ip1 + J2S2i+1 - S2i12)
=1 J1 = cosf, Jy =sind

ZQBG”‘)’ Phase Red line :Berry phase 7T
i S=1N=14 S=2N =10 )

| (2,0) | (1,1) l (0,2) | | (4,0) (3,1) (2;2) (1,3) (0,4) |

0 6., | ©/4 1 w/2 0 1 0. 0.5 /4 /2
g 9 : dimerization stfength 6 : dimerization strength

Y SS 9‘@‘6 SS (4.0) gg (2\2) s ﬁ%@ﬁ

wEOCQ DGE

—® : S-1/2 singlet state

TS

Q : Symmetrization

S

Reconstruction of valence bonds!



S=2 Heisenberg model with D term
T.Hirano, H.Katsura &YH, Phys.Rev.B77 09443108

H = i[JSi-SiHﬂLD(Sf)Q}

1

Red line :Berry phase 7T
S=2N =10 A

/ e T
ey pad  hod

:0 magnetization

Reconstruction of valence bonds!



Generic AKLT (VBS) models

T.Hirano, H.Katsura &YH, Phys.Rev.B77 09443108
Twist the hink of the generic AKLT model

ZBz ,1+1
{gb% Z—l-l} Z Z AJ‘PZJ’L—I—l [qb’b Z-I-l]
1=1 J= Bzz_|_1—|—]_ #VB
{0:51) = [T (e9/2alb] — e=@/2b]al ]~ vac)

(i7)
" Berry phase on a link (ij)
Yij = Bijﬂ' mod 27 S=1/2

\_ J

\

The Berry phase counts the number of the valence 410’5!

S=1/2 objects are fundamental in integer spin chains



Random hopping model on bipartite lattice
H = ZtijCl-LCi R h.c. +V;jnmj

(27) P.H. symmetry in many body
Half-filled many body state Chiral symmetry in one particle part
I
— | — — Vij =0
08 ==
— e ="
| — | ¥ | | —
I | | |

Y.H., J. Phys. Soc. Jpn. 75 123601 (2006)



Random hopping model on bipartite lattice
H = ZtijCl-LCi R h.c. +V;jnmj

(27) P.H. symmetry in many body
Half-filled many body state Chiral symmetry in one particle part
J = =
f'/f=0. / |

H YC =T
FL

Quantum Phase Transition

with (local) Gap Closing

Y.H., J. Phys. Soc. Jpn. 75 123601 (2006)



Sr Cu2(BO3)2
s >Ws

Orthogonal dimers

« discovery
H. Kageyama et al. , Phys. Rev. Lett. 82, 3168 (1999)

« Theory: spin gap & magnetic plateaus
B. S. Shastry and B. Sutherland, Physica, 108B, 1069 (1981).

+J') S;-S;
(i)

S. Miyahara & K. Ueda , Phys. Rev. Lett. 82, 3701 (1999)
T. Momoi and K. Totsuka, Phys. Rev. B 61, 3231 (2000)



Gapped to gapped transition

Dimer phase Plaquette singlet phase




Orthogonal dimers




Orthogonal dimers

plaquette singlet phase




Cro Z, Berry phase /D

gauge twist for singlet pair

— / 0.661<)'/]<0.665
YD T Yp 0

J' | J
I. Maruyama, S. Tanaya, M.Arikawa & YH. , arXiv:1103.1226



Z; Berry phase “VP

gauge twist for plaquette singlet

P

l | l l

. () TP

0.2

10.41 | 10.6;]//J|0.8I | 1.0 I1.2I | I1.4I
I. Maruyama, S. Tanaya, M.Arikawa & YH. , arXiv:1103.1226



W< Fermions with frustrated lattice

Generalized to Zq (Q=d+1)
Zq Berry phases

Series of fermionic models in d-dimensions
Minimum model with frustration

Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792



W< Fermions with frustrated lattice

Generalized to Zq (Q=d+1)
Zq Berry phases

Series of fermionic models in d-dimensions
Minimum model with frustration

Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792



Fermionic Hamiltonian with “dimerization”

H = tijc;-fcj h.c. — ,uZm
(i) 2

3D pyrochlore %= |
H:Ztijcgcj%—h.c.—,uz:ni A tn <Z]> c '
(i5) i Yt (ig) e‘&‘

+V Z Tilt; Tetramerization

One may include interaction if the energy gap remains open

d-D generic pyrochlore as well



Fermionic Hamiltonian with “dimerization”

2D kagome

H = thczcj—l—hc —,uzm t { tp ﬁ
ij =

(i7) tr 4
3D pyrochlore @

H:ZtijC;er-l—h.c.—MZni P LR <Z]>€'
(i5) i Yt (i) e‘&‘

+V Z Tilt; Tetramerization

One may include interaction if the energy gap remains open

Trimerization

d-D generic pyrochlore as well



Dirac fermions + flat bands with d-1 fold degeneracy

(m,—-m)




Ex.) Zq-3 quantized Berry phases for

fermions on Kagome
O = (601,05, 053) periodic boundary condition

modify phases locally (in som@

Global Zq symmetry with twists O

Many body state
O3 =—01 — 0 |\Ij(@)> ﬁ”mg 1/Q

A= (¥(0)[d¥(0))

z’v:/A
L

T
{7 — 27'('@, mod 27w, n € ZJ ZQ quanﬁzaﬁon




Topological order parameter for

Q-Multimerization Transition

tr| < |tr tp = lR tr| > |tr)
N N

EF; 5 1/Q filling
T Q

® o

Massless Dirac, Critical

d=2, Q=3, Kagome tg = —1,tp {
Quantum
Phase
Transition
Q-Multimerization .
Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792



Topological order parameter for

Q-Multimerization Transition

‘tB| < |tR‘ B E LR

2T

Er
’y:
@

® o

1/Q filling

Massless Dirac, Critical

d=2, Q=3, Kagome

Quantum
Phase

Transition t”_{
(/.

Q-Multimerization

Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792

tB| > [tr]
N




Numerical demonstration up to 4D

Quantized dimer order parameter

Quantum Phase Transition

| =D
0.5 oo
0.4
_____________________ 3x142
AN 03 0.33333 3
2 02 025000 -
- 0.33333 5x 44
0.1
vV = = I / [r  Gapped to gapped

1D, 2D, 3D, 4D, d-Dim

Q =a+1 Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792



Numerical demonstration up to 4D

Quantized dimer order parameter

Quantum Phase Transition
0D

Stable against particle-particle interaction

unless the energy gap collapses

“170.33333 - 5x44
0.1 -
2 0995 1000 1005
v = =1 I5 / [~ Gapped to gapped

%Jr | 1D, 2D, 3D, 4D, d-Dim

Y. Hatsugai & I. Maruyama, EPL 95, 20003 (2011), arXiv:1009.3792



Other systems applied

Spin ladders with ring exchange
SASZINZ21INZ

|. Maruyama, T. Hirano, and Y. H.,Phys. Rev. B 79, 115107 (2009)
M. Arikawa, S. Tanaya, |. Maruyama, Y. H.,Phys. Rev. B 79, 205107 (2009)

: &
N

o Q. e
s .
+ " BEC-BCS crossover at half filling

M. Arikawa, I. Maruyama, and Y. H., Phys. Rev. B 82, 073105 (2010)
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