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H = J
X

hiji

~Si · ~Sj , J > 0

Kagome Heisenberg model

Spin liquids on kagome lattice

What is the ground state?

Read & Sachdev (1991); Marston & Zeng (1991); Chalker, Holdsworth, Shender 
(1992); Yang, Warman & Girvin (1993); Hastings (2000); Wang & Vishwanath 
(2006); Ran, Hermele, Lee & Wen (2007); Singh & Huse (2007); Jiang, Sheng, Weng 
(2008); Evenbly & Vidal (2010); Yan, Huse & White (2011); Lauchli, Sudan, 
Sorensen (2011); Iqbal, Becca & Poilblanc (2011); Depenbrock, McCulloch & 
Schollwock (2012); Jiang, Wang & Balents (2012); Xie, et. al., Xiang (2014); YCH, 
Sheng, & Chen (2014)….

Every possible candidate has been proposed?!



H = J
X

hiji

~Si · ~Sj , J > 0

Kagome Heisenberg model

Spin liquids on kagome lattice

Kagome spin liquid

“Dirac spin liquid”
(conformal/critical phase)

What is the ground state?

Yan, Huse, and White

YCH, Zaletel, Oshikawa, Pollmann (to appear)

QED3

aµ

L =
X

 ̄i[i�
µ(@µ � iaµ)] i

Hastings; Ran, Hermele, Lee & Wen 



Symmetry protected topological phase

1D bosonic SPT: Haldane’s spin-1 chain

 Pollmann, Turner, 
Berg, Oshikawa

projective 
symmetry group

interacting system

Chen, Gu, Liu, Wenbeyond 1D: cohomology group

Chen, Liu, Wen Vishwanath, Senthil

Chen, Gu, Liu, Wen



Deconfined criticality
Senthil, Vishwanath, Balents, Sachdev, Fisher

Neel to VBS

SPTtrivial
insulator

?
deconfined

critical point

Numerics (e.g. J-Q model): Sandvik



Outline

1. Introduction

2. Numerics of the kagome spin liquid: signatures of Dirac cone

3. Theory of the kagome spin liquid

• An unbiased lattice gauge mapping

• Lattice gauge model: symmetry protected topological phase, 
deconfined criticality



corner sharing: large quantum fluctuation

Spin liquid: a state without magnetic 
order

Frustration ?



Spin liquid: more than absence of order

• Fractionalization in 2D/3D  
 
 
 

• Emergent gauge field: U(1), Z2……

• Fractional quasiparticles (anyon)

• Parent state of a superconductor

• …

e
e

S S
electron spinon

chargon

spin charge
separation



Z2 spin liquid

vison

spinon

-11 1

Read & Sachdev PRL 1991; Moessner & Sondhi PRL 2001…

Chiral spin liquid

spinon 1/2 spin
-1

Semionic
statistics

Kalmeyer & Laughlin 1987 PRL

Gapped spin liquid with topological order

Examples of spin liquid



Examples of spin liquid

Dirac spin liquid

Hastings PRB 2000; Ran, Hermele, Lee & Wen PRL 2007

Gapless spin liquid

Strongly interacting gauge theory: QED3

Critical matter

L =
X

 ̄i[i�
µ(@µ � iaµ)] i



Numerical tools: DMRG
DMRG: unbiased*, large system size for 2D (compared with ED)

Topological degenerate GS…
Modular matrix (anyonic statistics)
Entanglement spectrum (edge CFT)

Fractional quantum Hall state

Chiral spin liquid

Z2 spin liquid

Zaletel, Mong, Pollmann 

YCH, et al.; Gong et al; Bauer et al.

YCH, Sheng, Chen

e.g. Cincio, Vidal

Successful examples for DMRG:

DMRG’s success in topological order

Balents, Fisher, Girvin (2002)



Numerics on the kagome spin liquid
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Dirac like spectrum, caution!
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a long cylindrical
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Dirac spin liquid, more subtle

θ

eiθ/2

Spinons’ boundary condition
has ambiguity

Dirac spin liquid may be gapped on "any" small cylinder/torus

ky =
2nπ

Ly
ky =

2nπ + π

Ly

PBC APBC

ky =
2nπ

Ly
ky =

2nπ + π

Ly

PBC APBC

✓ = 0 ✓ = 2⇡

−Q
Q −Q

Q

spinons have PBC spinons have APBC

Two topological sectors



Spin gap under twist
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"Excitation Spectrum" from DMRG!
Zauner, et. al., Verstraete, arXiv:1408.5140

correlation-length
spectrum

� / 1/⇠Basic idea:

Eigenvalues of transfer matrix

�i = eik�1/⇠



Correlation length versus spin gap

Kagome Heisenberg model, YC8-2 cylinder

� / 1/⇠ works perfectly
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Spectrum of triplet excitation

S+(p� q) = f†
"(p)f#(q)

Kagome Heisenberg
Free fermion 

(parton pi-flux)  
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Outline

1. Introduction

2. Numerics of the kagome spin liquid: signatures of Dirac cone

3. Theory of the kagome spin liquid

• An unbiased lattice gauge mapping

• Lattice gauge model: symmetry protected topological phase, 
deconfined criticality



How to solve?

Effective lattice
gauge model

Spin model Deconfined
spin liquid

H = J
X

~Si · ~Sj H = t
X

eiAij c†i cj  ̄i�µ(@µ + iAµ) 

gauge field

spinon

slave particle
~Si = c†i,s~�s,s0ci,s0

hc†i cji 6= 0

Unbiased?

-1biased mean field



Make it more general

H = J
X

hiji

~Si · ~Sj , J > 0

J2

J3

J1

identified as ZnCu3(OH)6Cl2 is actually (Zn0.85Cu0.15)Cu3-
(OH)6Cl2. These results imply that chemical disorder within the
2-D kagomé network is not the underlying cause of the unusual
magnetic properties of ZnCu3(OH)6Cl2 and lend support to the
idea that the electronic ground state of ZnCu3(OH)6Cl2 and its
relatives is nontrivial.

The structure of ZnCu3(OH)6Cl2 shown in Figure 1 consists
of kagomé planes of hydroxide bridged S ) 1/2 Cu2+ centers
with Cu-O-Cu bond angles of 119°. The Cu2+ ions reside in
a tetragonally elongated O4Cl2 chemical environment, with
equatorial Cu-O distances of 1.98 Å and apical Cu-Cl bond
lengths of 2.77 Å. The kagomé layers are separated by
[Zn(OH)6]4- octahedral units connected to the kagomé layers
through the hydroxide ligands, with Zn-O-Cu bond angles of
96.7°. Each Zn2+ ion resides on a -3m site leading to six
equivalent Zn-O distances of 2.10 Å. The nontrivial difference
between the slightly trigonally compressed octahedral ligand
field of the Zn2+ ions and the significantly Jahn-Teller
elongated environment of the Cu2+ ions is expected to engender
a strong site preference for Cu2+ in the kagomé plane and Zn2+

in the intersite positions. Despite the expected site preference,
ZnCu3(OH)6Cl2 is the end member of the solid solution,
ZnxCu4-x(OH)6Cl2, in which the intersite cation varies in
composition from x ) 1 to x ) 0.6 The stability of these
intermediate phases suggests the potential for site disorder, as
has been previously suggested.9,12-16 Dc magnetic susceptibility
data collected for the x ) 0 compound display a sharp
ferromagnetic ordering transition at 6.5 K, stemming from weak
interlayer ferromagnetic coupling between the Cu2+ cations
within the kagomé plane and the Cu2+ cations on the intersite
positions. Indeed, such weak ferromagnetic superexchange, as
observed here, is predicted by the Goodenough-Kanamori rules
for an M-O-M bond angle of 96.7°.20,21 As the occupancy of
intersite Cu2+ ions is reduced, the magnetic ordering transition
softens, eventually disappearing for materials with the nominal
composition of ZnCu3(OH)6Cl2. Fits of the Curie-Weiss law
to the inverse susceptibility indicate strong antiferromagnetic

coupling, on the order of J ≈ -200 K, as predicted by the
Goodenough-Kanamori rules for a bond angle of 119°.20,21 The
absence of a magnetic ordering transition to 50 mK in samples
of ZnCu3(OH)6Cl2 is strongly indicative of an RVB ground
state.7 Alternatively, Zn impurities on the kagomé lattice or Cu
impurities on the intersite could lead to either a spin liquid or,
as has recently been proposed, a valence bond glass state.17

Either of these states could also account for the unusual magnetic
and physical properties displayed by ZnCu3(OH)6Cl2. Recently,
on the basis of single crystal X-ray and neutron powder
diffraction (NPD) data, it has been argued that, in samples
previously categorized as pure ZnCu3(OH)6Cl2, there is signifi-
cant population of Zn2+ on the kagomé lattice, and correspond-
ingly, a large percent of Cu2+ on the intersite.12,13 However,
the X-ray scattering factors of Zn and Cu are virtually identical,
preventing precise discrimination of Zn and Cu by single crystal
X-ray diffraction. The neutron scattering lengths do differ more,
by ∼30%, but the powder measurement significantly constrains
the number of independent reflections, limiting the precision to
which Zn and Cu can be differentiated.

To clarify this debate surrounding ZnCu3(OH)6Cl2 and to
understand its unusual physics, accurate structural characteriza-
tion of this compound is needed. Toward this end, a more precise
experimental technique to differentiate between Zn and Cu on
different crystallographic sites was sought. We herein use X-ray
anomalous scattering data not only to identify atom types on
individual crystallographic sites but also to quantify the level
of Zn and Cu present at each site. A paucity of reports of the
quantification of disorder by anomalous diffraction exists within
the literature,22-29 with most examples restricted to powder
diffraction. To the best of our knowledge, all previous examples
of anomalous scattering for disorder quantification have involved
either noncentrosymmetric crystal structures or centrosymmetric
ones with special reflection conditions for the crystallographic
sites of concern. Data analysis in these specific cases is trivial,
but a fully generalized technique has not been forthcoming. Here
we demonstrate an improved methodology that allows us to
quantify the degree of Zn-Cu disorder in herbertsmithite. We
find that, contrary to previous reports,12-16 while there is Cu2+

population on the interlayer sites occupied by Zn2+, there is
negligible mixing of Zn2+ onto the Cu2+ sites of the kagomé
intralayer. The compound’s composition is determined to be
(Zn0.85Cu0.15)Cu3(OH)6Cl2. The validity of the anomalous scat-
tering X-ray diffraction experiments are confirmed by a
combination of EXAFS measurements and low temperature
NPD data.

Experimental Section

Preparation of Single Crystals of ZnCu3(OH)6Cl2. A quartz
tube (6 mm ID, 13 mm OD) was charged with CuO (0.235 g, 2.95

(20) Goodenough, J. B. J. Phys. Chem. Sol. 1958, 6, 287–297.
(21) Kanamori, J. J. Phys. Chem. Sol. 1959, 10, 87–98.

(22) Wulf, R. Acta Crystallogr. 1990, A46, 681–688.
(23) Okita, A.; Saito, F.; Sasaki, S.; Toyoda, T.; Koinuma, H. Jpn. J. Appl.

Phys. 1998, 37, 3441–3445.
(24) Bernard, F.; Lorimier, J.; Nivoix, V.; Millot, N.; Perriat, P.; Gillot,

B.; Berar, J. F.; Niepce, J. C. J. Solid State 1998, 141, 105–113.
(25) Matsumura, T.; Okuyama, D.; Niioka, S.; Ishida, H.; Satoh, T.;

Murakami, Y.; Toyosaki, H.; Yamada, Y.; Fukumura, T.; Kawasaki,
M. Phys. ReV. B 2007, 76, 115320.

(26) Zhang, Y.; Wilkinson, A. P.; Nolas, G. S.; Leea, P. L.; Hodges, J. P.
J. Appl. Crystallogr. 2003, 36, 1182–1189.

(27) Zhang, Y.; Wilkinson, A. P.; Lee, P. L.; Shastri, S. D.; Shu, D.; Chung,
D.-Y.; Kanatzidis, M. G. J. Appl. Crystallogr. 2005, 38, 433–441.

(28) Caticha-Ellis, S. Acta Crystallogr. 1962, 15, 863–865.
(29) Battle, P. D.; Blundell, S. J.; Coldea, A. I.; Cussen, E. J.; Rosseinsky,

M. J.; Singleton, J.; Springa, L. E.; Ventea, J. F. J. Mater. Chem.
2001, 11, 160–167.

Figure 1. Crystal structure of herbertsmithite obtained with 0.41 × 10-10

m wavelength data. Blue, green, bright green, red, and gray spheres represent
Zn, Cu, Cl, O, and H atoms, respectively. (a) Local coordination environ-
ment of the intersite is highlighted in a projection perpendicular to the c-axis.
Thermal ellipsoids are drawn at the 70% probability level. (b) The geometry
of the kagomé layer is highlighted, in a projection perpendicular to the
c-axis. All atoms outside the kagomé plane have been removed for clarity.
(c) Photograph of a crystal from the batch used for these data. Selected
interatomic distances (Å) and angles (deg): Zn-O, 2.1073(5); Cu-O,
1.9821(3); Cu-Cl, 2.7676(2); Zn · · ·Cu, 3.0560; O-Zn-O, 76.57(2),
103.43(2), 180.00(2); O-Cu-O, 81.7(3), 98.3(3), 180.0; O-Cu-Cl,
82.41(3), 97.421(13); Cl-Cu-Cl, 180.0; Cu-O-Cu, 118.66(3); Cu-O-Zn,
96.662(17).

16186 J. AM. CHEM. SOC. 9 VOL. 132, NO. 45, 2010

A R T I C L E S Freedman et al.

XXZ anisotropy
second neighbor
third neighbor
DM interaction
interlayer coupling
impurity
….



YCH & Chen, PRL 2015
Extended kagome model

DMRG results

independent of
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Easy axis kagome

extensive classical degeneracy
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Lattice gauge mapping
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similar system: quantum dimer model, pyrochlore lattice 

Fradkin & Kivelson, 1990 Hermele, Fisher & Balents 2004
Castelnovo, Moessner & Sondhi 2008

Nikolic & Senthil 2005 PRB



Lattice gauge mapping: XXZ kagome
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Solving the kagome spin liquid phase

Effective lattice
gauge model

Spin model Deconfined
spin liquid
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U(1) compact gauge field + Dynamical bosonic spinons

confinement in 2+1D

Polyakov

can beat confinement

Moessner & Sondhi 2001

The Z2 spin liquid has been realized

No "free" spin liquid

Fradkin & Shenker, PRD 1979



Moessner & Sondhi 2001

The Z2 spin liquid has been realized

Fradkin & Shenker, PRD 1979

U(1) compact gauge field + Dynamical bosonic spinons

confinement in 2+1D

Polyakov

can beat confinement

No "free" spin liquid

Beyond the Z2 spin liquid?



Phases in a lattice gauge model

gauge field
spinon

gauge field + matter interacting bosonic matter

gauging

SuperfluidHiggs phase

Charge-2 superfluidZ2 spin liquid Fradkin & Shenker

Chiral spin liquid U(1) SPT
(Bosonic integer QH)

Levin & Gu
Barkeshli
YCH et al.



Symmetry protected topological phase!

Senthil & Levin, PRL 2013
Lu & Vishwanath, PRB 2012

chiral spin liquid See also:
Barkeshli, arxiv 2013

Chen, Gu, Liu & Wen, PRB 2012

Hd+1[G,U(1)]Classified by cohomology group

SPT protected by U(1) charge conservation

Bosonic integer quantum Hall

2

4⇡
"µ⌫�Aµ@⌫A�gauging

YCH, Bhattacharjee, Pollmann, and Moessner, PRL 2015



Phases in a lattice gauge model

gauge field
spinon

gauge field + matter interacting bosonic matter

gauging

SuperfluidHiggs phase

Charge-2 superfluidZ2 spin liquid Fradkin & Shenker

Critical spin liquid Deconfined critical point
YCH, Fuji & Bhattacharjee

Chiral spin liquid U(1) SPT
(Bosonic integer QH)

Levin & Gu
Barkeshli
YCH et al.



Solving the kagome spin liquid phase

Effective lattice
gauge model

Spin model Deconfined
spin liquid

H = J
X

~Si · ~Sj H = t
X
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gauge field
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Unbiased



Lattice gauge model
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Kagome spin liquid: 
"gauged" deconfined
critical point

SF



Field theory for zero gauge fluctuation
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Deconfined criticality 
superfluid

• Emergent Dirac fermions and U(1) gauge field

• Can be derived using the coupled wire construction

• Related with the particle-vortex duality of Dirac fermions
Mross, Alicea, Motrunich

Wang, Senthil; Metliski, Vishwanath

YCH, Fuji, and Bhattacharjee, arXiv:1512.05381 (2015).
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U(1) SPT(Bosonic integer QH)



Field theory for finite gauge fluctuation
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Summary
1. Numerical evidence that kagome spin liquid is a Dirac spin liquid.

2. Spin liquids on kagome lattice are independent of the XXZ 
anisotropy.

3. An unbiased theoretical study of spin liquids under a lattice 
gauge mapping. 

4. Make a concrete connection between topological order, critical 
spin liquid, SPT phase, deconfined criticality.

SF

chiral
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Thanks for your attention!

YCH, Zaletel, Oshikawa, Pollmann, to appear
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