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this week’s topological physics …

• in twisted bilayer graphene

12

⇠ = ±1 valleys are decoupled from each other, however,
either a C2 rotation or a time reversal transformation T

maps one into the other. Furthermore note that the ro-
tation of the momenta introduced above by the rotation
mtrix R is equivalent to a rotation of the sublattice sigma
matrices instead; in the main text we have addressed this
point by the rotation of the sublattice matrices in the
Dirac term. The main text has chosen to focus only on
⇠ = 1 and neglected the small ✓ rotation for the momen-
tum.
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FIG. 9. Illustration of twisted bilayer graphene system in
real space. The small twist angle ✓ has a commensurate value
✓ = arccos 253

254 ' 0.0888, with (m,n) = (6, 7) (see main text
for the definition of comensurate angle, m and n). Red (gray)
is for the top (bottom) layer. The origin is chosen at an AA
region center (perfect AA stacking point). The AB and BA
regions closest to the origin are labeled. Further AA stacking
points are shown in black dots.

Appendix B: Topological charge of singular point

In this Appendix, we describe the numerical method to
compute the vorticity (topological charge) of a singular
point in the band structure, such as a Dirac point. We
follow the method introduced in Ref. 31.

The topological charge around a singular point is de-
fined as a contour integral around this point

N =
1

2⇡

I

C
~A · d~l =

1
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Z

⌃

~B · n̂dS, (B1)

where the Berry connection Aj is given in terms of a
derivative

Aj = �ih (k)|@j | (k)i (B2)

and Berry curvature is defined in terms of a second
derivative, i.e., B = @iAj � @jAi. For DP, the topo-
logical charge can take the values N = ±1/2. The Berry

curvature is zero except at the DP, where B diverges to
either 1 or �1.

To resolve the divergence of Berry curvature at band
crossing point, we use the lattice Berry curvature intro-
duced in Ref. 31. In the case of a singly occupied band,
the single-particle Berry curvature is given by

B` = i log U1(k`)U2(k` + �x)U1(k` + �y)�1U2(k`)
�1,
(B3)

where k = (kx, ky) is defined in the first Brillouin zone.
Uµ is the Berry connection and is given by

Uµ(k`) =
hu(k`)|u(k` + �µ)i

|hu(k`)|u(k` + �µ)i|
, (B4)

where |u(k`)i is the Bloch function of the occupied state,
i.e. eigenstate of the Hamiltonian in momentum space
h(k) |u(k`)i = ✏k |u(k`)i.

If there are N occupied bands, then the connection is
given by

Uµ(k`) =
Detmn [hum(k`)|un(k` + �µ)i]

|Detmn [hum(k`)|un(k` + �µ)i]|
, (B5)

where |un(k`)i is the n-th occupied state at momen-
tum k`. A proof of the above formula follows from the
anti-commutation relation of fermion operators and the
Wick’s theorem.

In this paper, we use the above formula to study the
topological charge of band crossing points in the flat band
in the vicinity of the first magic angle.

Moiré lattice

Here we first show that in the Bistritzer-Macdonald’s
model2, C2T symmetry forces the Berry curvature to be
zero except at band crossing points. Let us begin with
the definition of the Berry curvature at point k,

B(k) = i✏ij@i hu(k)|@j |u(k)i , (B6)

where @j := @/@kj .

We now look at the Berry curvature of the transformed
state

|ũ(k)i = C2T |u(k)i = UC2T |u(k)i⇤ (B7)

where UC2T = �x is the unitary part of the transforma-
tion and the asterisk means complex conjugation. Note

• in photonics

Topology forces edge mode to 
fully cross the gap

One mode which wraps multiple 
times around Brillouin zone as it 
crosses the gap

Increased winding around BZ

Wideband
Strong disorder protection

" Perfect in-coupling
" No backscattering
" High bandwidth (whole gap)

Extra notes:
" Not simply band folding
" Single-mode, even with large winding
" Won’t work if it’s not topological

Periodic Brillouin Zone

Increase winding

J. Guglielmon and M. C. Rechtsman. Phys. Rev. Lett. 122, 153904 (2019).

• in metamaterials

• of electric multipole insulators

• in Floquet systems 

• in magnetic insulators

and many more..
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breaking of TR 
symmetry

a nontrivial gap 
opens

Chern insulator 
(QAH) state

Dirac points 
protected by 
TR and 
inversion 
symmetries

realized in

Rechtsman et al Nature 496 
(2013)

• photonics

• magnetic TI
Chang et al Science 340 

(2013)
• cold atoms
Jotzu et al Nature 515 (2014)

• …
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• .. in a ferromagnet
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linear spin waves

magnon dynamics can be written as

Kim et al PRL 117 (2016)

Kim et al npj Quant Mat 2, (2017)

Chisnell et al PRL 
115 (2015)

Hirschberger et al 
PRL 115 (2015)
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Thermal Hall effect

Katsura et al PRL 104 (2010)
Matsumoto et al PRL 106 and PRB 84 (2011)

Onose et al., 
Science 329, (2010)
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Nontrivial magnon bands

is there more?

what about the excitations of 
magnetically disordered states?

• spin liquid

• singlet product state

• quadrupolar phase

…



general (2S+1)-band Hamiltonian
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<latexit sha1_base64="w5TDkHpUEUX09on+9LTGuF7pqsc=">AAAB9HicdVDJSgNBEO1xjXGLevTSGAQPcZhRUXMQgl48RmIWSIbQ09NJmvQydvcEwpDv8OJBEa9+jDf/xs4iuD4oeLxXRVW9MGZUG897d+bmFxaXljMr2dW19Y3N3NZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72r8Z+fUCUplLcmmFMAo66gnYoRsZKAb84rBRavUgaXai0c3nPLXp+8dSHv4nvehPkwQzldu6tFUmccCIMZkjrpu/FJkiRMhQzMsq2Ek1ihPuoS5qWCsSJDtLJ0SO4b5UIdqSyJQycqF8nUsS1HvLQdnJkevqnNxb/8pqJ6ZwHKRVxYojA00WdhEEj4TgBGFFFsGFDSxBW1N4KcQ8phI3NKWtD+PwU/k9qR65/7Po3J/nS5SyODNgFe+AA+OAMlMA1KIMqwOAO3INH8OQMnAfn2XmZts45s5kd8A3O6wcErpGg</latexit>

S is a pseudo spin 
representing the 2S+1 

levels

!(k) = ✏(k) +md(k)
<latexit sha1_base64="4bWn4UVnidWC5sTlbLkmONjT9xI="></latexit>

H = ✏(k)1+ d(k)S
<latexit sha1_base64="nmNehVBHJiN1fan+FtqPrEshDHY="></latexit>

S=1 Dirac cone

dimer

!(k)

kx

ky

JR et al Nat Comm 6, (2015)

S=3/2 Dirac cone

trimer

!(k)

kx

ky

JR PRB 99,(2019)



general (2S+1)-band Hamiltonian

S=1/2 Dirac cone S=1 Dirac cone S=3/2 Dirac cone

single site dimer trimer

Topological boson systems 

generalization to larger spins

H(k) = ✏(k)1+ d(k)�
<latexit sha1_base64="eq3yrpZfiHlgppfwN2+GXyLWoRE="></latexit>

!(k) = ✏(k)± d(k)
<latexit sha1_base64="ALxoP+3yumG+FIoyEV8tuEM/M/k=">AAACGnicdVDJSgNBEO2Je9yiHr00BiFewoyKy0EQvXhUMDGQCaGnU5M06WXo7hHCkO/w4q948aCIN/Hi39hZFNcHBa/fq6KrXpRwZqzvv3m5icmp6ZnZufz8wuLScmFltWpUqilUqOJK1yJigDMJFcssh1qigYiIw1XUPR34V9egDVPy0vYSaAjSlixmlFgnNQtBqAS0SSkLoxh3+1tHISSGcSU/FRwmArfw57tZKPrlQz843AvwbxKU/SGKaIzzZuElbCmaCpCWcmJMPfAT28iItoxy6OfD1EBCaJe0oe6oJAJMIxue1sebTmnhWGlX0uKh+nUiI8KYnohcpyC2Y356A/Evr57a+KCRMZmkFiQdfRSnHFuFBznhFtNALe85QqhmbldMO0QTal2aeRfCx6X4f1LdLgc75eBit3h8Mo5jFq2jDVRCAdpHx+gMnaMKougG3aEH9Ojdevfek/c8as1545k19A3e6ztGxZ/D</latexit>

m = �S, . . . , S
<latexit sha1_base64="w5TDkHpUEUX09on+9LTGuF7pqsc=">AAAB9HicdVDJSgNBEO1xjXGLevTSGAQPcZhRUXMQgl48RmIWSIbQ09NJmvQydvcEwpDv8OJBEa9+jDf/xs4iuD4oeLxXRVW9MGZUG897d+bmFxaXljMr2dW19Y3N3NZ2TctEYVLFkknVCJEmjApSNdQw0ogVQTxkpB72r8Z+fUCUplLcmmFMAo66gnYoRsZKAb84rBRavUgaXai0c3nPLXp+8dSHv4nvehPkwQzldu6tFUmccCIMZkjrpu/FJkiRMhQzMsq2Ek1ihPuoS5qWCsSJDtLJ0SO4b5UIdqSyJQycqF8nUsS1HvLQdnJkevqnNxb/8pqJ6ZwHKRVxYojA00WdhEEj4TgBGFFFsGFDSxBW1N4KcQ8phI3NKWtD+PwU/k9qR65/7Po3J/nS5SyODNgFe+AA+OAMlMA1KIMqwOAO3INH8OQMnAfn2XmZts45s5kd8A3O6wcErpGg</latexit>

S is a pseudo spin 
representing the 2S+1 

levels

JR et al Nat Comm 6, (2015) JR PRB 99,(2019)

!(k) = ✏(k) +md(k)
<latexit sha1_base64="4bWn4UVnidWC5sTlbLkmONjT9xI="></latexit>

H = ✏(k)1+ d(k)S
<latexit sha1_base64="nmNehVBHJiN1fan+FtqPrEshDHY="></latexit>

Jω

Γ

X M

−2

+2

0 0

0

0

J−D⊥́

J−2D⊥́

J+D⊥́

J+2D⊥́

Γ

X M

Γ

X M

Γ

X M

hz=0 hz=hc/2 hz=hc hz=3hc/2(b)(a) (c) (d) (e)

Jω

Γ

X M

−2

+2

0 0

0

0

J−D⊥́

J−2D⊥́

J+D⊥́

J+2D⊥́

Γ

X M

Γ

X M

Γ

X M

hz=0 hz=hc/2 hz=hc hz=3hc/2(b)(a) (c) (d) (e)

1

-1

Chern number:
Cm = �2mNs

<latexit sha1_base64="Lz5HQsaP7I7lOAmKARQEupdoXEE="></latexit>

3

1
-1
-3



From Fantasy to Reality - SrCu2(BO3)2

JR, K. Penc and R. Ganesh Nat Comm 6, (2015)

(b)

⊥

D
x

y

(a)

J

D

J′

D´
Jω

Γ

X M

−2

+2

0 0

0

0

J−D⊥́

J−2D⊥́

J+D⊥́

J+2D⊥́

Γ

X M

Γ

X M

Γ

X M

hz=0 hz=hc/2 hz=hc hz=3hc/2(b)(a) (c) (d) (e)

H(k) = JI + d(k) · L

H. Nojiri et al JPSJ 72,(2003)



From Fantasy to Reality - SrCu2(BO3)2

JR, K. Penc and R. Ganesh Nat Comm 6, (2015)

(b)

⊥

D
x

y

(a)

J

D

J′

D´

H(k) = JI + d(k) · L

LETTERS
PUBLISHED ONLINE: 8 MAY 2017 | DOI: 10.1038/NPHYS4117

Topological triplon modes and bound states in a
Shastry–Sutherland magnet
P. A. McClarty1,2*, F. Krüger1,3*, T. Guidi1, S. F. Parker1, K. Refson1,4, A. W. Parker5, D. Prabhakaran6

and R. Coldea6

The twin discoveries of the quantum Hall e�ect1, in the
1980s, and of topological band insulators2, in the 2000s,
were landmarks in physics that enriched our view of the
electronic properties of solids. In a nutshell, these discoveries
have taught us that quantum mechanical wavefunctions in
crystalline solids may carry nontrivial topological invariants
which have ramifications for the observable physics. One of
the side e�ects of the recent topological insulator revolution
has been that such physics is much more widespread than
was appreciated ten years ago. For example, while topological
insulators were originally studied in the context of electron
wavefunctions, recent work has initiated a hunt for topological
insulators in bosonic systems: in photonic crystals3–6, in the
vibrational modes of crystals7, and in the excitations of
ordered magnets8. Using inelastic neutron scattering along
with theoretical calculations, we demonstrate that, in a weak
magnetic field, the dimerized quantum magnet SrCu2(BO3)2
is a bosonic topological insulator with topologically protected
chiral edge modes of triplon excitations.

The quantum magnet SrCu2(BO3)2 is famous in the magnetism
community9 especially for its rich in-field phase diagram reflected
in a series of magnetization plateaux10,11. The material is composed
of layers of strongly interacting S= 1/2 copper moments arranged
on the lattice illustrated in Fig. 1. Nearest-neighbour moments bind
together in pairs (dimers), forming quantum mechanical singlets.
Neighbouring dimers have an orthogonal arrangement (Fig. 1).
Most magnetic materials undergo a transition into long-range mag-
netic order, so the fact that the ground state of this material is both
interacting and with only short-range correlations is remarkable:
a consequence of the frustrating e�ect of the Shastry–Sutherland
lattice geometry12,13. The lattice geometry of SrCu2(BO3)2 is also
responsible for ensuring that the excited states of themagnet—called
triplons—are almost flat across the Brillouin zone14–16. The predom-
inant contribution to the weak dispersion of these modes is due to
subleading magnetic exchange couplings which are antisymmetric
Dzyaloshinskii–Moriya (DM) interactions17,18.

These DM interactions are responsible for complex hopping am-
plitudes of the triplons whichmay then pick up Berry phases around
closed paths. Their role is therefore similar to that of spin–orbit
coupling in electronic topological insulators. Based on a theoretical
model of non-interacting triplons, Romhanyi et al.19 predicted that
in a small magnetic field the triplon bands of SrCu2(BO3)2 acquire
a nontrivial topological invariant, called a Chern number, which
implies the existence of chiral magnetic edge states.

In this Letter, we present new inelastic neutron scattering
(INS) results exploring the low-energy magnetic excitations of
SrCu2(BO3)2 in small magnetic fields of up to 2.8 T perpendicular
to the dimer planes. This provides unprecedented insight into the
nature of the magnetic couplings in this material. In addition to
the triplon bands, we find a new field-independent and compar-
atively dispersive feature that hybridizes with them. We identify
this mode as a singlet bound state of two triplons20. Its presence
is a manifestation of the strong interactions between triplons and
a precursor of the complex crystals of bound states11 that give rise
to the magnetization plateaux at higher fields. While one expects
the topological character of the triplon excitations to be protected
against smooth deformations of the band structure, the hybridiza-
tion with the bound state does not represent such a continuous
deformation. A model of free triplons is therefore inadequate to ad-
dress the topology of themagnetic excitations in SrCu2(BO3)2. Using
a comprehensive theoretical model, we show that the hybridization
with the bound state does not destroy the topology butmakes it even
richer, increasing the number of topological bands and leading to
a sequence of topological transitions. We make predictions for the
thermal Hall e�ect and the presence of edge states.

Crystals were grown with 99%-enriched boron-11 by the optical
floating zone technique21 at 0.25mmh�1 under 3 bar oxygen pres-
sure. The sample mount consisted in three single crystals of total
mass 5.9 g, which were co-aligned on the ALF instrument at ISIS
on an aluminium mount with the a and b axes in the horizontal
scattering plane. Our INS measurements were performed using
the direct geometry time-of-flight spectrometer, LET, at the ISIS
facility22. The sample was mounted inside a 9 T superconducting
magnet and the sample was cooled down to 2K. The measurements
were performed with multiple incident energies, of which we focus
here on the 5meV data. We collected multi-angle Horace23 scans
with 1� step sizes at 0 T and 1.4 T and 2� step sizes at 0.7 T and 2.8 T
with a 68� total coverage and a 38min counting time per angular
step. The experimental resolution (full-width at half-maximum) at
the elastic line at Ei = 5 meV was measured to be 120 µeV. The
calculated energy resolution at 3meV energy transfer is 70 µeV.

Figure 2a shows INS cuts along the [�1+H , 1+H] direction
for magnetic fields 0 T, 0.7 T, 1.4 T and 2.8 T. Other momentum cuts
can be found in the Supplementary Information. Since the unit cell
contains two dimers, there exist six triplon bands, which are most
clearly resolved at B= 2.8 T. As expected, the triplon bands have
a strong field dependence. At zero field, the gap to the triplons is
roughly 3meV, which is the scale of the nearest-neighbour isotropic

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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FIG. 1 Neutron powder diffraction patterns of (a) Ni2Mo3O8 and (b) MgNiMo3O8, refined to the 
P63mc space group; Table I. Tick marks in descending vertical display order: Ni2Mo3O8 (dark 
blue), NiO (dark green); MgO (brown); MoO2 (purple), and NiMoO4 (light green). MgO is not present 
in the refinement for Ni2Mo3O8. (c) Top-down view of the nickel honeycomb lattice, showing 
alternating adjacent octahedrally and tetrahedrally coordinated atoms and nearest neighbor (2N; 
3.384(3) Å), next nearest neighbor (3N; 5.759(5) Å) interactions, and next-next nearest neighbor 
(4N; 6.680(5) Å) interactions. Values in parentheses indicate one standard deviation in the final 
figures.  
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Realization of the Spin Hall system
h=0 & K=0

same for m=1 & -1

Kane and Mele PRL 95, (2005)
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Dirac magnons
4 (linear) bands touch at K,K’ DM opens the gap

bands remain 2-fold deg.
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<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

Hm,k= 3⇤I2 + dm(k) · �
<latexit sha1_base64="yg0wrQN4VJau1fc8NrzQNfLQ54s="></latexit>

dm(k) = (3JRe�A1, 3JIm�A1,m6D0�0)
<latexit sha1_base64="55g6rf0yTLZ3BzTBcp6OTYL5c44="></latexit>

!(k)m = 3⇤± |dm(k)|
<latexit sha1_base64="/KEXYqWNCqEWhyywyqcdrrz2AS4="></latexit>



Realization of the Spin Hall system
h=0 & K=0

Kane and Mele PRL 95, (2005)

Hk=

✓
H1,k 0
0 H�1,k

◆

<latexit sha1_base64="euHMaApmrGbTRB3puUJ4vccBPI4="></latexit>

DM opens the gap
bands remain 2-fold deg.

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

d vector forms skyrmion

m=1

m=-1

D0 = 0.1J
<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

1 -1

1-1

F xy
n (k) = ind(k) · (@yd(k)⇥ @xd(k))

<latexit sha1_base64="0VMGBxzQzFsoGnpI9btuB6wPmVI="></latexit>

Cn,m =
1

i2⇡

Z
dkxdkyF

xy
n = nmNs

<latexit sha1_base64="TJt3y1H4PnDVp+U+A9FFUBtsfeY="></latexit>

Ns =
1

4⇡

Z
dkxdkyd · (@yd⇥ @xd)

<latexit sha1_base64="j+MnIH0Pp1yi9Gw9psy8UexVDPk="></latexit>

Berry curvature is proportional to the 
skyrmion number 

Hm,k= 3⇤I2 + dm(k) · �
<latexit sha1_base64="yg0wrQN4VJau1fc8NrzQNfLQ54s="></latexit>

dm(k) = (3JRe�A1, 3JIm�A1,m6D0�0)
<latexit sha1_base64="55g6rf0yTLZ3BzTBcp6OTYL5c44="></latexit>

!(k)m = 3⇤± |dm(k)|
<latexit sha1_base64="/KEXYqWNCqEWhyywyqcdrrz2AS4="></latexit>



Realization of the Spin Hall system
h=0 & K=0

Kane and Mele PRL 95, (2005)

Hk=

✓
H1,k 0
0 H�1,k

◆

<latexit sha1_base64="euHMaApmrGbTRB3puUJ4vccBPI4="></latexit>

Hm,k= 3⇤I2 + dm(k) · �
<latexit sha1_base64="yg0wrQN4VJau1fc8NrzQNfLQ54s="></latexit>

dm(k) = (3JRe�A1, 3JIm�A1,m6D0�0)
<latexit sha1_base64="55g6rf0yTLZ3BzTBcp6OTYL5c44="></latexit>

!(k)m = 3⇤± |dm(k)|
<latexit sha1_base64="/KEXYqWNCqEWhyywyqcdrrz2AS4="></latexit>

DM opens the gap
bands remain 2-fold deg.

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

D0 = 0.1J
<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

1 -1

1-1

Cn,m =
1

i2⇡

Z
dkxdkyF

xy
n = nmNs

<latexit sha1_base64="TJt3y1H4PnDVp+U+A9FFUBtsfeY="></latexit>

Berry curvature is proportional to the 
skyrmion number Z2 index as “spin Chern number”

1

2
(Cn" � Cn#) mod 2

<latexit sha1_base64="akYeYDbuKsmex2RL7fmx9ehGrwI=">AAACG3icbVDLSgMxFM34rPVVdekmWIS6sMyMgi6L3bisYB/QliGTybShmWRIMpYyzH+48VfcuFDEleDCvzGddqGtBwIn59x7k3v8mFGlbfvbWlldW9/YLGwVt3d29/ZLB4ctJRKJSRMLJmTHR4owyklTU81IJ5YERT4jbX9Un/rtByIVFfxeT2LSj9CA05BipI3kldxeKBFOnSx1s0rdS3kviZGUYpzBc5jfAzHmM+WsF4kAul6pbFftHHCZOHNSBnM0vNKnGYKTiHCNGVKq69ix7qdIaooZyYq9RJEY4REakK6hHEVE9dN8twyeGiWAoZDmcA1z9XdHiiKlJpFvKiOkh2rRm4r/ed1Eh9f9lPI40YTj2UNhwqAWcBoUDKgkWLOJIQhLav4K8RCZsLSJs2hCcBZXXiYtt+pcVJ27y3LtZh5HARyDE1ABDrgCNXALGqAJMHgEz+AVvFlP1ov1bn3MSlesec8R+APr6wfuU6FU</latexit>
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open geometry
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Cheng et al PRL 117 217202 (2016) 

spin separation

Spin Nernst effect

B=0

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

D0 = 0.1J
<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>
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<latexit sha1_base64="pUC1W5BptDs3rP+WfCE7d0kd/Dc=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmZU1NyCXjxGMAskQ+jp9CRNerqH7hpxGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXJoIb8Lx3p7CwuLS8Ulwtra1vbG6Vt3eaRqWasgZVQul2SAwTXLIGcBCsnWhG4lCwVji6nPitW6YNV/IGsoQFMRlIHnFKwEqdLhHJkPTyu2zcK1c8t+r51VMf/ya+601RQXPUe+W3bl/RNGYSqCDGdHwvgSAnGjgVbFzqpoYlhI7IgHUslSRmJsinJ4/xgVX6OFLalgQ8Vb9O5CQ2JotD2xkTGJqf3kT8y+ukEJ0HOZdJCkzS2aIoFRgUnvyP+1wzCiKzhFDN7a2YDokmFGxKJRvC56f4f9I8cv1j178+qdQu5nEU0R7aR4fIR2eohq5QHTUQRQrdo0f05IDz4Dw7L7PWgjOf2UXf4Lx+ADvakeM=</latexit>

↵xy = �i
kB
~

X

m,n

Z

BZ
m · c1(⇢n,m)F xy

n,m(k)d2k ,
<latexit sha1_base64="EGzQatQV5iKM+XAG1QNrNX9ug+A="></latexit>

c1(⇢) =

Z ⇢

0
dt ln(1 + t�1)

<latexit sha1_base64="RuOLTmOyJUwLoTzvcGJInVLQmUE="></latexit>

⇢n,� =
1

e!n,�� � 1
<latexit sha1_base64="UiW7zFg5Mn7O+49W2UIAMX9Ot+E="></latexit>

jSN = ↵xyẑ ⇥rT
<latexit sha1_base64="4tfac/TsIkZFqcm9lmrr/1n4KA4="></latexit>

�rT
<latexit sha1_base64="A47NcIjKWp8GMfEEUhCL9P5p3mU=">AAACG3icbZBNS8MwGMdTX+d8q3r0EhyCBx3tFHW3oRePE/YGbRlplm5haVqSVBil38OLX8WLB0U8CR78NmZdD7r5QODH//88yZO/HzMqlWV9G0vLK6tr66WN8ubW9s6uubffkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp363QciJI14S01i4oVoyGlAMVJa6ps1N7/DEUPfS61q3bLrl/bpAmTpmcuRzxBsZX2zYlWtvOAi2AVUQFHNvvnpDiKchIQrzJCUjm3FykuRUBQzkpXdRJIY4TEaEkcjRyGRXprvlcFjrQxgEAl9uIK5+nsiRaGUk9DXnSFSIznvTcX/PCdRwbWXUh4ninA8eyhIGFQRnAYFB1QQrNhEA8KC6l0hHiGBsNJxlnUI9vyXF6FTq9rnVfv+otK4KeIogUNwBE6ADa5AA9yBJmgDDB7BM3gFb8aT8WK8Gx+z1iWjmDkAf8r4+gEjHJ0b</latexit>



Finite magnetic field
 K=0

m=1 & -1 Zeeman split

Hk=

✓
H1,k 0
0 H�1,k

◆

<latexit sha1_base64="euHMaApmrGbTRB3puUJ4vccBPI4="></latexit>

Hm,k= (3⇤�mh)I2 + dm(k) · �
<latexit sha1_base64="sQU1ArxAC+Z+X3oHcg0EVhzDDOY="></latexit>

!(k)m = (3⇤�mh)± |dm(k)|
<latexit sha1_base64="wE+ctFDvadHpLqStIZ6FuQ/tibQ="></latexit>

dm(k) = (3JRe�A1, 3JIm�A1,m6D0�0)
<latexit sha1_base64="55g6rf0yTLZ3BzTBcp6OTYL5c44="></latexit>

h=0 h> 0

Zeeman split bands
DM opens the gap

bands remain 2-fold deg.

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

D0 = 0.1J
<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|�1i
<latexit sha1_base64="Hp55RuDs6tageh9/2sxW61KZc+o=">AAAB+XicbVBNS8NAEJ34WetX1KOX1CJ4sSQq6LHoxWMF+wFNKJvttF262YTdTaHE/hMvHhTx6j/x5r9x2+agrQ8GHu/NMDMvTDhT2nW/rZXVtfWNzcJWcXtnd2/fPjhsqDiVFOs05rFshUQhZwLrmmmOrUQiiUKOzXB4N/WbI5SKxeJRjxMMItIXrMco0Ubq2PaTX/JL537J8yURfY4du+xW3BmcZeLlpAw5ah37y+/GNI1QaMqJUm3PTXSQEakZ5Tgp+qnChNAh6WPbUEEiVEE2u3zinBql6/RiaUpoZ6b+nshIpNQ4Ck1nRPRALXpT8T+vnereTZAxkaQaBZ0v6qXc0bEzjcHpMolU87EhhEpmbnXogEhCtQmraELwFl9eJo2LindZ8R6uytXbPI4CHMMJnIEH11CFe6hBHSiM4Ble4c3KrBfr3fqYt65Y+cwR/IH1+QPFAJJ0</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>

1

-1

1

-1

Chern insulator



Thermal Hall effect D0 = 0.1J
<latexit sha1_base64="Hi1SqVyL5gu5JfcJ1TlHoEZd5pM=">AAAB73icbVBNSwMxEJ31s9avqkcvwSJ6WnZV0ItQ1IN4qmA/oF1KNs22odlkTbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YWFpeWV1YLa8X1jc2t7dLObl3LVBFaI5JL1QyxppwJWjPMcNpMFMVxyGkjHFyP/cYTVZpJ8WCGCQ1i3BMsYgQbKzVvji4910d3nVLZc70J0Dzxc1KGHNVO6avdlSSNqTCEY61bvpeYIMPKMMLpqNhONU0wGeAebVkqcEx1kE3uHaFDq3RRJJUtYdBE/T2R4VjrYRzazhibvp71xuJ/Xis10UWQMZGkhgoyXRSlHBmJxs+jLlOUGD60BBPF7K2I9LHCxNiIijYEf/bleVI/cf1T178/K1eu8jgKsA8HcAw+nEMFbqEKNSDA4Rle4c15dF6cd+dj2rrg5DN78AfO5w+xr45u</latexit>

⇤ = 3J
<latexit sha1_base64="ATJqTez7Gn5YS2kJ2iHSCBAY42I=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZU0I1QdCPiooJ9YDuUTCbThmYyQ5IRytC/cONCEbf+jTv/xrSdhbYeCBzOOZfce/xEcG0c5xsVlpZXVteK66WNza3tnfLuXlPHqaKsQWMRq7ZPNBNcsobhRrB2ohiJfMFa/vB64reemNI8lg9mlDAvIn3JQ06JsdJj985GA3J5etsrV5yqMwVeJG5OKpCj3it/dYOYphGThgqidcd1EuNlRBlOBRuXuqlmCaFD0mcdSyWJmPay6cZjfGSVAIexsk8aPFV/T2Qk0noU+TYZETPQ895E/M/rpCa88DIuk9QwSWcfhanAJsaT83HAFaNGjCwhVHG7K6YDogg1tqSSLcGdP3mRNE+q7mnVvT+r1K7yOopwAIdwDC6cQw1uoA4NoCDhGV7hDWn0gt7RxyxaQPnMPvwB+vwBnfKQOA==</latexit>

|1i
<latexit sha1_base64="dJqYoh/g/BA9UpdPHiCRj9srFiI=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHoxWMF+yFtKJvtpF26uwm7G6HE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+ncLK6tr6RnGztLW9s7tX3j9o6jhVFBs05rFqh0QjZxIbhhmO7UQhESHHVji6mfqtR1SaxfLejBMMBBlIFjFKjJUenvyuInLAsVeueFVvBneZ+DmpQI56r/zV7cc0FSgN5UTrju8lJsiIMoxynJS6qcaE0BEZYMdSSQTqIJsdPHFPrNJ3o1jZksadqb8nMiK0HovQdgpihnrRm4r/eZ3URFdBxmSSGpR0vihKuWtid/q922cKqeFjSwhVzN7q0iFRhBqbUcmG4C++vEyaZ1X/vOrfXVRq13kcRTiCYzgFHy6hBrdQhwZQEPAMr/DmKOfFeXc+5q0FJ585hD9wPn8At7CQWQ==</latexit>
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Katsura et al., PRL 104, 066403 (2010),

Matsumoto et al PRL 106 197202, (2011)
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Finite Kitaev interaction
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Summary

Anisotropic S=1 magnets can 
have various topologically 
nontrivial excitations  

example: Honeycomb (A)FM
with

• Kitaev anisotropy 

• single-ion anisotropy 

• DM interaction 
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TR invariance + K=0: 

Due to DMI, Z2 topological phase is 
realized

Spin Nernst effect
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Breaking TR symmetry 
and/or finite K 

Kitaev exchange can lead to the 
formation of Chern insulator with 
large Chern numbers.
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Outlook
Magnetoelectric coupling
broken TR and I symmetry

coupling between the electric and magnetic 
degrees of freedom, so that one can be 

manipulated with the conjugate field of the other.

T. Arima, J. Phys. Soc. Jpn. 76, 073702 (2007).

spin induced polarization from larger spin

spin quadrupole
Detection of edge modes (?)

inversion symmetry is broken at 
the edges 

can edge modes couple to 
electric field/light?
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Anisotropic S=1 magnets can 
have various topologically 
nontrivial excitations  
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