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Classification of topological insulators 
with internal symmetry

Ryu, Schnyder, Furusaki, Ludwig, New J. Phys. (2010)

no symmetry

Integer quantum Hall

fermions w/ 
time-reversal

2d and 3d topological insulators

Classified by time-reversal and charge-conjugation symmetries



Topological insulators have gapless surface 
states that are robust to small perturbations

3D: Bi2Se3

Hasan group (Princeton)

2D: HgTe/CdTe quantum well (BHZ)

Molenkamp group (Würzburg)
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Refined classification of topological insulators 
with translation symmetry

Rasche, et al, Nat. Mat. (2013)

Stacked 2D TIs Two surface 
Dirac cones

Fu, Kane, Mele PRL 2007; Moore, Balents PRB 2007; Roy PRB 2009

One “strong” and three “weak” indices (⌫0; ⌫1, ⌫2, ⌫3)



Ex: Mirror Chern insulator 
in SnTe  

Hsieh, Nat. Comm. 3 982 (2012)

n+i

n-i

Dirac cones protected by mirror 
symmetry!

Observation by Ando group  
Tanaka, et al, Nat. Phys. 8 800 (2012)

Point group symmetry can also protect a 
topological insulator Fu PRL 2011


Teo, Fu, Kane PRB 2008



More topological phases with crystal symmetry

Mirror Chern: Z

Teo, Fu, Kane, PRB (2008)

Hsieh, et al, Nat. Comm. (2012)

Tanaka, et al, Nat. Phys. (2012)

C4 rotation: Z2

Fu, PRL (2011)

Hourglass fermion: Z4

Wang, et al Nature (2016)

Shiozaki, Sato, Gomi, PRB (2016))

KHgSb

Wieder, JC et al, Science 2018

Ba5In2Sb6

Dirac insulator: Z2 x Z4



2017: Classification of topological crystalline 
insulators in any space group

Topological quantum chemistry

Bradlyn, JC, et al Nature 2017

Symmetry indicators

Po, Vishwanath, Watanabe, Nat. Comm. 2017



How to identify topological phases by 
symmetry eigenvalues

1. Identify symmetry eigenvalues of *all* atomic limit phases

2. Groups of bands whose symmetry eigenvalues do not 
match those of an atomic limit must be topological
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Within one space group, many ways to arrange atoms

1 atom/unit cell

(triangular)

2 atoms/unit cell

(honeycomb)

3 atoms/unit cell

(kagome)

All atoms are related by symmetry

How to identify all atomic limits?

“Wyckoff positions”



Within one arrangement, many choices of orbitals

2 atoms/unit cell

s (or pz) orbitals px and py orbitals

How to identify all atomic limits?

A space group, Wyckoff position, and orbital define an atomic limit



How to construct such a representation?
1. Identify “site-symmetry group”: 

Gq = symmetries that leave q invariant

2. Orbitals at q transform under a rep, 𝝆(g), of Gq

3. Elements that do not leave q invariant tile lattice

qq2

C3, my

s pz px, py

C6

C6, t, …

t

Mathematically: a Wyckoff position, and orbital 
determine a “band representation” of the space group

Zak PRL 1980, PRB 1981, 1982



Mathematically: a space group, Wyckoff position, and 
orbital determine a representation of the space group

q q2 q3 q4 …

q

q2

q3

q4

…

Diagonal block

 if g ∈ Gq, i.e, gq = q

Off-diagonal block if g 
interchanges sites

Each symmetry operation 
represented by BIG matrix

IndGGq
⇢Group theory: induced representation of subgroup 

uniquely determines representation of group

Zak PRL 1980, PRB 1981, 1982



Fourier transform yields the symmetry irreps at each 
point in the Brillouin zone 

k1 k2 k3 k4 …

k1

k2

k3

k4

…

Diagonal blocks form representation of symmetry group that leaves k invariant 

(“the little group at k”)


The set of these representations serves as an identifier for the band representation 

q q2 q3 q4 …

q

q2

q3

q4

… k1
k

E

Δ2

Δ1

Zak PRL 1980, PRB 1981, 1982
“Band representation” 



We want to identify all atomic limit phases for all space 
groups, but how to enumerate an infinite list?

Band representations decompose into (finite number of) 
elementary band representations Zak 1980

1. Elementary band reps are induced from irreducible 
representations of Gq

2. All EBRs can be induced from representations of 
maximal site-symmetry groups

⇒ Finitely many EBRs



Symmetry labels for all EBRs are enumerated 
on the Bilbao Crystallographic Server

http://www.cryst.ehu.es/

Elcoro, JC, et al J. Appl. Cryst. 50, 1457 (2017)

Bradlyn, Elcoro, JC, Vergniory, Wang, Felser, Aroyo, 
Bernevig Nature 547, 298–305 (2017)



Atom arrangement
Orbital

High-symmetry 
points}

Each column is elementary band representation



Materials search:

1. compute band structure

2. compute symmetry irreps


3. compare to irreps on server

For every known chemical compound:

TopologicalQuantumChemistry.com
Vergniory, Elcoro, Felser, Regnault, Bernevig, Wang Nature 566, 480 (2019)

Materiae http://materiae.iphy.ac.cn  
Zhang, et al, … Chen Fang Nature 566, 475 (2019)

http://TopologicalQuantumChemistry.com
http://materiae.iphy.ac.cn


What have we learned from 
this enterprise?

Refined bulk-edge correspondence: “higher order topological insulators”

Distinction between stable and “fragile” topological insulators

New, freely available topological materials databases and tools
• Bilbao Crystallographic Server

• TopologicalQuantumChemistry.com

• Materiae: http://materiae.iphy.ac.cn 



Higher-order topological insulators (HOTIs) have 
gapless modes where two edges meet

Figure: Schindler, et al, Sci. Advances eaat0346 2018

Refs: Benalcazar, Bernevig, Hughes, Science 2017; 


Khalaf, Po, Vishwanath, PRX 2018; Fang and Fu ArXiv: 1709.01929

Ex: Product of C4z*TR protects gapless chiral modes



Today: HOTIs with inversion and time-reversal
Khalaf, Po, Vishwanath, PRX 2018

=
2D TI

2D TI

Symmetries ensure HOTI is bulk state



Inversion and TR yield Z4 classification

Parity of Z4 index gives Z2 index:

Khalaf, Po, Vishwanath, PRX 2018

Hinge states are only possible when 1 = 2
<latexit sha1_base64="RVeOLUQAZ/ciRtYl+ezNXTYf3o4=">AAAB8XicbVBNS8NAEJ34WetX1aOXYBE8laQKehGKXjxWsB/YhjLZbtqlm82yuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzQsmZNp737aysrq1vbBa2its7u3v7pYPDpk5SRWiDJDxR7RA15UzQhmGG07ZUFOOQ01Y4up36rSeqNEvEgxlLGsQ4ECxiBI2VHrsjlBJ7/nW1Vyp7FW8Gd5n4OSlDjnqv9NXtJySNqTCEo9Yd35MmyFAZRjidFLupphLJCAe0Y6nAmOogm108cU+t0nejRNkSxp2pvycyjLUex6HtjNEM9aI3Ff/zOqmJroKMCZkaKsh8UZRy1yTu9H23zxQlho8tQaKYvdUlQ1RIjA2paEPwF19eJs1qxT+vVO8vyrWbPI4CHMMJnIEPl1CDO6hDAwgIeIZXeHO08+K8Ox/z1hUnnzmCP3A+fwC5OJBK</latexit>

Z4 index determined by inversion eigenvalues:

1 =
1

4

X

K2TRIMs
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K

�
mod 4

<latexit sha1_base64="vk9r9D5IAFcNQdfhTMdR2egLdhI="></latexit>



Bismuth: predicted HOTI
Schindler, et al, Sci. Adv. 2018

STM data

See also: Drozdov et al, 
Nat. Phys. 2014



Problem: challenging to precisely cleave 
crystal to observe hinge states

We propose gapless modes on 
dislocations to probe HOTIs

Raquel Queiroz

@KITP til Nov. 22

Reference: ArXiv 1809.03518

Collaboration with Raquel Queiroz, Cosma Fulga, 
Nurit Avraham and Haim Beidenkopf



Dislocations introduce additional “hinge”

Edge dislocation Screw dislocation

Can dislocation bind gapless helical mode?

B
B

Burgers vector characterizes dislocation



Dislocation in weak TI binds helical mode
Ran, Zhang, Vishwanath Nat. Phys. 2009

Heuristic: 

step edge = gapless edge of TI



Dislocation in weak TI binds helical mode
Ran, Zhang, Vishwanath Nat. Phys. 2009

Slice-and-glue argument:


1. Slice: expose Dirac cones

2. Expand:


3. Glue: mass gap w/ dislocation has extra phase:

4. Domain wall in mass iff: 

 (x) ⇠ eikD·x (x)
<latexit sha1_base64="v44ak2EdWSFTLB35qi2bhtiTSj0=">AAACMnicbVDLSsNAFJ3UV62vqEs3g0Wom5JUQZdFXeiugn1AE8NkOmmHTh7MTMQS8k1u/BLBhS4UcetHOGkj2tYDA4dzzmXuPW7EqJCG8aIVFhaXlleKq6W19Y3NLX17pyXCmGPSxCELecdFgjAakKakkpFOxAnyXUba7vA889t3hAsaBjdyFBHbR/2AehQjqSRHv7IaglYsH8mB6yX36SG0BPUhuU3ojzhMnQto4V4o4W8uhVY0PejoZaNqjAHniZmTMsjRcPQnqxfi2CeBxAwJ0TWNSNoJ4pJiRtKSFQsSITxEfdJVNEA+EXYyPjmFB0rpQS/k6gUSjtW/EwnyhRj5rkpmK4pZLxP/87qx9E7thAZRLEmAJx95MYMyhFl/sEc5wZKNFEGYU7UrxAPEEZaq5ZIqwZw9eZ60alXzqFq7Pi7Xz/I6imAP7IMKMMEJqINL0ABNgMEDeAZv4F171F61D+1zEi1o+cwumIL29Q0sH6tY</latexit>

eikD·B = ±1
<latexit sha1_base64="tUNFjET877TgSraRA5c1LYaSOgQ=">AAACEHicbVDLSsNAFJ34rPUVdelmsIiuSlIF3QilunBZwT6giWEynbRDJ5kwMxFKyCe48VfcuFDErUt3/o2TNoK2HrhwOOde7r3HjxmVyrK+jIXFpeWV1dJaeX1jc2vb3NltS54ITFqYMy66PpKE0Yi0FFWMdGNBUOgz0vFHl7nfuSdCUh7dqnFM3BANIhpQjJSWPPOI3KXUCZEa+kE6yrwrB/e5gj9KI8sunDiEtmdWrKo1AZwndkEqoEDTMz+dPsdJSCKFGZKyZ1uxclMkFMWMZGUnkSRGeIQGpKdphEIi3XTyUAYPtdKHARe6IgUn6u+JFIVSjkNfd+aHylkvF//zeokKzt2URnGiSISni4KEQcVhng7sU0GwYmNNEBZU3wrxEAmElc6wrEOwZ1+eJ+1a1T6p1m5OK/VGEUcJ7IMDcAxscAbq4Bo0QQtg8ACewAt4NR6NZ+PNeJ+2LhjFzB74A+PjG/MZnSI=</latexit>

eikD·B = �1
<latexit sha1_base64="yti25arVr1VyxXAuLCNgm/U5RoA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpJUQTdCqS5cVrAPaGKYTCbt0MmDmYlQQr7Ajb/ixoUibl2782+ctBG09cCFwzn3cu89bsyokIbxpZWWlldW18rrlY3Nre0dfXevK6KEY9LBEYt430WCMBqSjqSSkX7MCQpcRnru+DL3e/eECxqFt3ISEztAw5D6FCOpJEevkbuUWgGSI9dPx5lzZWEvkvBHaWXZxTE0Hb1q1I0p4CIxC1IFBdqO/ml5EU4CEkrMkBAD04ilnSIuKWYkq1iJIDHCYzQkA0VDFBBhp9N3MlhTigf9iKsKJZyqvydSFAgxCVzVmZ8p5r1c/M8bJNI/t1MaxokkIZ4t8hMGZQTzbKBHOcGSTRRBmFN1K8QjxBGWKsGKCsGcf3mRdBt186TeuDmtNltFHGVwAA7BETDBGWiCa9AGHYDBA3gCL+BVe9SetTftfdZa0oqZffAH2sc39C2cAg==</latexit>

m(x)
<latexit sha1_base64="jAnzKqXVGcUdgNMWalXES7y0uxk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkkqg+nQ/KFbfmzoFWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTmelfqJpjMkEj2jPUokF1X46v3WGzqwyRGGkbEmD5urviRQLracisJ0Cm7Fe9jLxP6+XmPDaT5mME0MlWSwKE45MhLLH0ZApSgyfWoKJYvZWRMZYYWJsPCUbgrf88ipp12veRa1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIZneIU3RzgvzrvzsWgtOPnMMfyB8/kDeF6N3A==</latexit>

Domain wall in mass traps E=0 state

(Jackiw-Rebbi)

 (x)
<latexit sha1_base64="ARkPOVAELOZupGtJYICaxOuJdN8=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2AdinZNNuGZrMhyYpl6Y/w4kERr/4eb/4b0+0etPXBwOO9GWbmBZIzbVz32ymsrW9sbhW3Szu7e/sH5cOjto4TRWiLxDxW3QBrypmgLcMMp12pKI4CTjvB5Hbudx6p0iwWD2YqqR/hkWAhI9hYqdOXmlWfzgfliltzM6BV4uWkAjmag/JXfxiTJKLCEI617nmuNH6KlWGE01mpn2gqMZngEe1ZKnBEtZ9m587QmVWGKIyVLWFQpv6eSHGk9TQKbGeEzVgve3PxP6+XmPDaT5mQiaGCLBaFCUcmRvPf0ZApSgyfWoKJYvZWRMZYYWJsQiUbgrf88ipp12veRa1+f1lp3ORxFOEETqEKHlxBA+6gCS0gMIFneIU3RzovzrvzsWgtOPnMMfyB8/kDysSPNQ==</latexit>



Dislocation in weak TI binds helical mode
Ran, Zhang, Vishwanath Nat. Phys. 2009

General formula to bind helical mode along dislocation:

Example: stacked 2D TIs:

(⌫0; ⌫1, ⌫2, ⌫3) = (0; 0, 0, 1)
<latexit sha1_base64="RbpCEojOLaduYs1vi7F4UYRgW2U=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgtlJK0goIIRTcuK9gHtCFMppN26GQSZiZCCf0GN/6KGxeKuHXlzr9xkmahrReGczjnXu7c40WMSmVZ38bK6tr6xmZhq7i9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTW5Sv/tAhKQhv1fTiDgBGnHqU4yUllyzUh7w2LUuYQp2NYP6HBoVeAXL2rKqVtWuuGbJqllZwWVi56QE8mq55tdgGOI4IFxhhqTs21aknAQJRTEjs+IgliRCeIJGpK8pRwGRTpKdNIOnWhlCPxT6cQUz9fdEggIpp4GnOwOkxnLRS8X/vH6s/AsnoTyKFeF4vsiPGVQhTPOBQyoIVmyqCcKC6r9CPEYCYaVTLOoQ7MWTl0mnXrMbtfrdWal5ncdRAMfgBJSBDc5BE9yCFmgDDB7BM3gFb8aT8WK8Gx/z1hUjnzkCf8r4/AG5V5kN</latexit>

) B ·M⌫ = ⇡
<latexit sha1_base64="OIr2XUjvU8zSJG5prenHLX3c77k=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6EUI8eJFiGIekA1hdjKbDJmdWWZ6lbDkO7z4K148KOJNvPg3Th6IJhY0FFXddHcFseAGXPfLWVhcWl5Zzaxl1zc2t7ZzO7s1oxJNWZUqoXQjIIYJLlkVOAjWiDUjUSBYPehfjPz6HdOGK3kLg5i1ItKVPOSUgJXaOc+/4d0eEK3VPfYjAr0gTMtD7NOOgh/hatj2ZYLPsR/zdi7vFtwx8DzxpiSPpqi0cx9+R9EkYhKoIMY0PTeGVko0cCrYMOsnhsWE9kmXNS2VJGKmlY5fG+JDq3RwqLQtCXis/p5ISWTMIAps5+hWM+uNxP+8ZgLhWSvlMk6ASTpZFCYCg8KjnHCHa0ZBDCwhVHN7K6Y9ogkFm2bWhuDNvjxPasWCd1woXp/kS+VpHBm0jw7QEfLQKSqhS1RBVUTRA3pCL+jVeXSenTfnfdK64Exn9tAfOJ/fMBug7w==</latexit>

B = ẑ
<latexit sha1_base64="hLEJkYbOgJhKQn6AiPQ3gvoaKAM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0I1Q6sZlBfuAJpTJdNIOnTyYmQhtCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjhdzJpVlfRsrq2vrG5ulrfL2zu7evnlw2JZRIghtkYhHouthSTkLaUsxxWk3FhQHHqcdb3yb+51HKiSLwgc1iakb4GHIfEaw0lLfPHYCrEaenzYydIOcEVbpNOubFatqzYCWiV2QChRo9s0vZxCRJKChIhxL2bOtWLkpFooRTrOyk0gaYzLGQ9rTNMQBlW46S5+hM60MkB8J/UKFZurvjRQHUk4CT0/mWeWil4v/eb1E+dduysI4UTQk80N+wpGKUF4FGjBBieITTTARTGdFZIQFJkoXVtYl2ItfXibtWtW+qNbuLyv1RlFHCU7gFM7Bhiuowx00oQUEpvAMr/BmPBkvxrvxMR9dMYqdI/gD4/MHJg+VBw==</latexit>

M⌫ =
1

2
Gz

<latexit sha1_base64="L/+UakHJLO+W8XUDhgjc6NU6U/0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaQKuhGKLnQjVLAPaEKYTCft0MkkzEyEGvILbvwVNy4UcevOnX/jpI2grQcuHM65l3vv8WNGpbKsL2NhcWl5ZbW0Vl7f2NzaNnd22zJKBCYtHLFIdH0kCaOctBRVjHRjQVDoM9LxRxe537kjQtKI36pxTNwQDTgNKEZKS55ZdUKkhn6QXmeewxN4Bp1AIJzaWVrPfrzLzLv3zIpVsyaA88QuSAUUaHrmp9OPcBISrjBDUvZsK1ZuioSimJGs7CSSxAiP0ID0NOUoJNJNJx9l8FArfRhEQhdXcKL+nkhRKOU49HVnfqOc9XLxP6+XqODUTSmPE0U4ni4KEgZVBPN4YJ8KghUba4KwoPpWiIdIJ6J0iGUdgj378jxp12v2Ua1+c1xpnBdxlMA+OABVYIMT0ABXoAlaAIMH8ARewKvxaDwbb8b7tHXBKGb2wB8YH9/GcJ2e</latexit>

,
<latexit sha1_base64="q6zCDYXs2BSzlDW6xbJ7xw9qA5E=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3RXjLQ=</latexit>



Topological defect classification for 
all dimensions and symmetry classes

Teo, Hughes, Benalcazar: disclinations in topological superconductors

Class � = 0 � = 1 � = 2 � = 3
AII 2Z 0 Z2 Z2<latexit sha1_base64="hgCGlxEthKPFnLubP88aGmVN96A="></latexit>

Teo and Kane PRB 2010



HOTI model: “Double strong topological insulator”
Po, Vishwanath, Watanabe (Nature Comm. 2017)


Fang and Fu (1709.01929); Khalaf, Po, Vishwanath (PRX 2018)

Two copies of a 3D topological insulator
Gapped by a mass term odd under inversion symmetry

Mass domain walls bind helical mode

By construction: all weak/strong indices are zero; HOTI index is 2



Our model: two 3D TIs offset by z

[ ]

ˆ<latexit sha1_base64="HnzPYcuS+IlG82U36veIQdopIl4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVm9EMZv2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A9Qhj0s=</latexit>

Decoupled limit: 

- weak TI

- z is lattice vec 

After coupling: 

- no weak indices

- 2z is lattice vec

- HOTI index is 2 

ẑ
<latexit sha1_base64="5G1msSpEBZdMTbn8ddLFxtXL/6k=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AG0lI/P</latexit>

2ẑ
<latexit sha1_base64="YqFn7aBIR8VJzPi0ugeD4OdJdgM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbOLuRKihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKzucZxwP6IDJULBKFqpXe0OKWZPk16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezeyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRFW0I3uLLy6RZrXjnlerdRbl2ncdRgGM4gTPw4BJqcAt1aAADCc/wCm/Og/PivDsf89YVJ585gj9wPn8AJrmQCw==</latexit>
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Consider a dislocation in a HOTI

+ =
Double strong TI exhibits 
helical modes on hinges

Dislocation binds 
gapless mode



Band structure verifies gapless states are helical

Contradiction: defect is not supposed to bind helical 
mode when weak indices are zero!

B ·M⌫ = 0
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Understand helical mode from decoupled limit

Coupling 3D TIs reduces translation symmetry,

but helical mode is robust

Decoupled 3D TIs are weak TI:

⇒ defect binds helical mode

(⌫0; ⌫1, ⌫2, ⌫3) = (0; 0, 0, 1)
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So helical mode is correct…. how to reconcile with M=0 for HOTI?



Partial dislocations evade classification
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Partial dislocation: Burgers vector is fraction of lattice vector

Partial lattice dislocations always introduce a stacking fault

b = partial 
B = full



Low-energy theory of stacking fault
Slice-and-glue

1. Expand around band inversion point k ≈ 0    .


2. Bound state ansatz:                                       .

3. Bound state Hamiltonian: compare mass.     .

Without stacking fault: With stacking fault:

Result: Z2 index changes with stacking fault!



Helical mode surrounds stacking fault 
⇔ stacking fault is an “embedded 2D TI”

Embedded TI: Tuegel, Chua, Hughes 2018



1. Helical modes along step edges 
detectable via STM

Est. max ZT ~6 in (Bi1-xSbx)2Te3, Bi2(Te1-ySey)3

Tretiakov, Abanov, Murakami, Sinova 

(Appl. Phys. Lett. 97, 073108 (2010))

2. Enhanced bulk conductivity if 
many aligned dislocations
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Experimental predictions



Prediction: helical mode on partial step edges 
in TMDs in 1T’ structure

MoTe2, WTe2 predicted HOTI w/ two layers in unit cell 
(Wang, et al ArXiv 1806.11116)

Promising: partial step edges in monolayer WTe2 show d.o.s. peak

(Peng, et al, Nat. Comm. 8, 659 (2017); Jia, et al, PRB 96, 041108 (2017))


(2017)



Expect general connection between helical mode on 
step edge and higher order topological insulator

Bb
screw

fault

step edge a
b

b

a

a

B

b
bfault

u.c.
a
bedge

(a) (b)

(c)

a

b

a

b

hinge
a

b

→
 

→ 

Helical mode on step edge deforms to hinge mode



Whether a partial dislocation can bind a helical 
mode is constrained by M.B criterion

Consider a partial Burgers vector, b 

Let n be smallest integer such that nb is lattice vector

If dislocation b binds h helical modes, then:

n even n odd

h = 0 or 1

(no constraint)

h = 0

(helical mode forbidden)

Gapped stacking fault 
does not exist!

h = 1

(helical mode required)

Double strong TI
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Conclusions
Crystal symmetry can be used to predict and 

identify topological materials

(Bradlyn, JC, et al Nature 2017; 

JC et al PRB 97, 035139 (2018))

“Higher order topological insulators” (HOTIs) are a new type of topological phase that 
has come out of the symmetry classification
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(a) (b)We propose partial lattice dislocations as 
surface/bulk signature of certain HOTIs


(ArXiv: 1809.03518)

General classification of defects 
remains an open question


