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Simplex solid in SU(3) Kagome

3≡̅333 ̅ (b)(a) 6 ⊗ = ⊕

33 3 ̅ 6× = +
Addition of two SU(3) spins:

Each site hosts the symmetric, 
6 dimensional irrep because of 

the bosons (like in the S=1 
AKLT wave function case).

The ability of two spins to form a singlet state is a special
property of the SU!2" group. Decomposing the product of
two spin-S representations yields the well-known result

S ! S= 0 " 1 " 2 " ¯ " 2S, !4"

and there is always a singlet available. If we replace SU!2"
by SU!3", this is no longer the case. The representations of
SU!N" are classified by !N−1"-row Young tableaux
!l1 , l2 , . . . , lN−1" with lj boxes in row j and with l1! l2! ¯
! lN−1. The product of two fundamental !1,0" representations
of SU!3" is

3

⊗
3

=
3

⊕
6

, !5"

which does not contain a singlet. One way to rescue the
two-site singlet for general SU!N" is to take the product of
the fundamental representation N with the antifundamental
N̄. This yields a singlet plus the !N2−1"-dimensional adjoint
representation. In this manner, generalizations of the SU!2"
antiferromagnet can be defined in such a manner that the
two-site valence bond structure is preserved, but only on
bipartite lattices.9,10

Another approach is to keep the same representation of
SU!N" on each site but to create SU!N" singlets extending
over multiple sites. When each site is in the fundamental
representation, one creates N-site singlets,

" #1¯#Nb#1

† !i1" ¯ b#N

† !iN"#0$ , !6"

where b#
†!i" creates a Schwinger boson of flavor index # on

site i. The SU!N" spin operators may be written in terms of
the Schwinger bosons as

S$
# = b#

†b$ −
p

N
%#$, !7"

with Tr!S"=0, for the general symmetric !p ,0" representa-
tion. These satisfy the SU!N" commutation relations

%S$
#,S&

'& = %$'S&
# − %#&S'

$ . !8"

Extended valence bond solid !XVBS" states were first dis-
cussed by Affleck et al. in Ref. 11. In that work, SU!2N"
states where N=mz were defined on lattices of coordination
number z, with singlets extending over z+1 sites. Like the
MG model, the XVBS states break lattice translation sym-
metry t and their ground states are doubly degenerate; they
also break a charge conjugation symmetry C, preserving the
product tC. In addition to SMA magnons, the XVBS states
were found to exhibit soliton excitations interpolating be-
tween the degenerate vacuums. More recently, Greiter and
Rachel12 considered SU!N" valence bond spin chains in both
the fundamental and other representations, constructing their
corresponding Hamiltonians and discussing soliton excita-
tions. Extensions of Klein models, with Kekulé ground states
consisting of products of local SU!N" singlets, were dis-
cussed by Shen13 and more recently by Nussinov and Ortiz.14

An SU!4" model on a two-leg ladder with a doubly degen-
erate Majumdar-Ghosh-type ground state has been discussed
by Chen et al.15

Shen also discussed a generalization of Anderson’s RVB
state to SU!N" spins as a prototype of a spin-orbit liquid
state.13 A more clearly defined and well-analyzed model was
recently put forward by Pankov et al.,16 who generalized the
Rokhsar-Kivelson quantum dimer model17 to a model of
resonating singlet valence plaquettes. Their plaquettes are
N-site SU!N" singlets !N=3 and N=4 models were consid-
ered", which resonate under the action of the SU!N" antifer-
romagnetic Heisenberg Hamiltonian, projected to the valence
plaquette subspace. The models and states considered here
do not exhibit this phenomenon of resonance. Rather, they
are described by static “singlet valence simplex” configura-
tions. Consequently, their physics is quite different and in
fact simpler. For example, with resonating valence bonds or
plaquettes, one can introduce vison excitations18 which are
Z2 vortex excitations, changing the sign of the bonds or
plaquettes which are crossed by the vortex string.19 For sim-
plex !or plaquette" solids, there is no resonance, and the vi-
son does not create a distinct quantum state. The absence of
“topological quantum order” in the Klein and AKLT models
has been addressed by Nussinov and Ortiz.14

Here, I shall explore further generalizations of the AKLT
scheme, describing a family of “simplex solid” !SS" states on
N-partite lattices. While the general AKLT state is written as
a product over the links of a lattice L, with M singlet cre-
ation operators applied to a given link, the SS states, mutatis
mutandis, apply M SU!N" singlet operators on each N sim-
plex. Each site then contains an SU!N" spin whose represen-
tation is determined by M and the lattice coordination. Fur-
thermore, as is the case with the AKLT states, the SS states
admit a simple coherent state description in terms of classical
CPN−1 vectors. Their equal-time quantum correlations are
then computable as the finite temperature correlations of an
associated classical model on the same lattice. A classical
ordering transition in this model corresponds to a zero-
temperature quantum critical point as a function of M !which
is, however, a discrete parameter". I argue that the ordered
SS states select a particular ordered structure via an “order
by disorder” mechanism. Finally, I discuss what happens to
these states at an edge, where the bulk SU!N" representation
is effectively fractionalized, and a residual entropy propor-
tional to the volume of the boundary arises.

II. SIMPLEX SOLIDS

Consider an N-site simplex ( and define the SU!N" sin-
glet creation operator:

R(
† = " #1¯#Nb#1

† !(1" ¯ b#N

† !(N" , !9"

where i=1, . . . ,N labels the sites (i on the simplex. Any
permutation ' of the labels has the trivial consequence of
R(

†→sgn!'"R(
†. Next, partition a lattice L into N-site sim-

plixes, i.e., into N sublattices, and define the state

#) !L;M"$ = '
(

!R(
†"M#0$ , !10"

where M is an integer. Since each R(
† operator adds one

Schwinger boson to every site in the simplex, the total boson
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SU(N) singlet on N sites, represented 
by  Schwinger bosons:
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representation. In this manner, generalizations of the SU!2"
antiferromagnet can be defined in such a manner that the
two-site valence bond structure is preserved, but only on
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Another approach is to keep the same representation of
SU!N" on each site but to create SU!N" singlets extending
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Extended valence bond solid !XVBS" states were first dis-
cussed by Affleck et al. in Ref. 11. In that work, SU!2N"
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number z, with singlets extending over z+1 sites. Like the
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also break a charge conjugation symmetry C, preserving the
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the fundamental and other representations, constructing their
corresponding Hamiltonians and discussing soliton excita-
tions. Extensions of Klein models, with Kekulé ground states
consisting of products of local SU!N" singlets, were dis-
cussed by Shen13 and more recently by Nussinov and Ortiz.14

An SU!4" model on a two-leg ladder with a doubly degen-
erate Majumdar-Ghosh-type ground state has been discussed
by Chen et al.15

Shen also discussed a generalization of Anderson’s RVB
state to SU!N" spins as a prototype of a spin-orbit liquid
state.13 A more clearly defined and well-analyzed model was
recently put forward by Pankov et al.,16 who generalized the
Rokhsar-Kivelson quantum dimer model17 to a model of
resonating singlet valence plaquettes. Their plaquettes are
N-site SU!N" singlets !N=3 and N=4 models were consid-
ered", which resonate under the action of the SU!N" antifer-
romagnetic Heisenberg Hamiltonian, projected to the valence
plaquette subspace. The models and states considered here
do not exhibit this phenomenon of resonance. Rather, they
are described by static “singlet valence simplex” configura-
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scheme, describing a family of “simplex solid” !SS" states on
N-partite lattices. While the general AKLT state is written as
a product over the links of a lattice L, with M singlet cre-
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mutandis, apply M SU!N" singlet operators on each N sim-
plex. Each site then contains an SU!N" spin whose represen-
tation is determined by M and the lattice coordination. Fur-
thermore, as is the case with the AKLT states, the SS states
admit a simple coherent state description in terms of classical
CPN−1 vectors. Their equal-time quantum correlations are
then computable as the finite temperature correlations of an
associated classical model on the same lattice. A classical
ordering transition in this model corresponds to a zero-
temperature quantum critical point as a function of M !which
is, however, a discrete parameter". I argue that the ordered
SS states select a particular ordered structure via an “order
by disorder” mechanism. Finally, I discuss what happens to
these states at an edge, where the bulk SU!N" representation
is effectively fractionalized, and a residual entropy propor-
tional to the volume of the boundary arises.
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Consider an N-site simplex ( and define the SU!N" sin-
glet creation operator:
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3≡̅333 ̅ (b)(a) 3

⊗ = ⊕

3 ̅3 ̅ 3 6 ̅× = +

Each site hosts the 
antisymmetric, 3 
dimensional irrep.

SU(3) singlet on 3 sites, represented by fermions :

But we can do this with fermions as well !

|1(i1, i2, i3)i =
X

↵,�,�

"↵��f†
↵(i1)f

†
�(i2)f

†
�(i3)|0i = Fi1,i2,i3 |0i

<latexit sha1_base64="cqbxTxEWHh01I6KavecD3Rny++Y="></latexit>

|FSSi =
Y

4i

Y

5j

F4iF5j |0i
<latexit sha1_base64="mem02Z04q1Vq1ILHmc04PNS/wrw="></latexit>

femionic simplex solid wave function:
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A guess: sum of local projectors, like in the S=1 AKLT model 

Do we know the parent Hamiltonian ?

H = J
X

hi,ji

Pi,j +K
X

4,5
(Pi,j,k + Pi,k,j)

<latexit sha1_base64="yDll9v2FBQXIsYJwCWIxSz33Zdc="></latexit>

hFSS|H2
|FSSihFSS|FSSi = hFSS|H|FSSi2

<latexit sha1_base64="H8wRc2owtmrQC0nodZseFXyAEYg="></latexit>

We may try it on a small cluster:  
we generate the FSS, and ask if the condition for being an eigenstate 

is satisfied with some values of J and K.
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H = J
X

hi,ji

Pi,j +K
X

4,5
(Pi,j,k + Pi,k,j)
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hFSS|H2
|FSSihFSS|FSSi = hFSS|H|FSSi2

<latexit sha1_base64="H8wRc2owtmrQC0nodZseFXyAEYg="></latexit>

We may try it on a small cluster:  
we generate the FSS, and ask if the condition for being an eigenstate 

is satisfied with some values of J and K.

Surprise: it is satisfied for any value of J and K, 
the FSS is always an eigenstate of H !


(c.f. AKLT in S=1 chain)


But how does this happen?



The irreps in a triangle
1 2 × 83 ̅ =

⊕⊕  2×=⊗ ⊗
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<latexit sha1_base64="39CXqlcoPEdWgHgKDCRk7OV7Bos="></latexit>



Comparing the S=1 AKLT chain with FSS

{s=1
sz=1

s=1
sz=0

S= 0 or 1

H
AKLT =

X

bonds

|S=2ihS=2|
<latexit sha1_base64="K8VMapTWKmWVFide7P6OkYKs/9w=">AAACLnicbZDNSgMxFIUz/tb6V3XpJloEV2WmCnZTqLgRFFS0ttDUkknTGsxkhuSOWMZ5Jze+g08giIgbBR/DtM5G64WQw3fvJTnHj6Qw4LovzsTk1PTMbG4uP7+wuLRcWFm9NGGsGa+zUIa66VPDpVC8DgIkb0aa08CXvOHfHAz7jVuujQjVBQwi3g5oX4meYBQs6hROSEDhmlGZHKZXCQF+B8n+0fFFmuIqJiYOOhn0Q9U1lt 6fk40q2SgTTVVfciJHF87ofadQdEvuqPC48DJRRFmddgpPpBuyOOAKmKTGtDw3gnZCNQgmeZonseERZTe0z5OR3RRvWdTFvVDbowCP6K85GhgzCHw7OTRn/vaG8L9eK4ZepZ0IFcXAFft5qBdLDCEeZoe7QnMGcmAFZVrYH2J2TTVlYBPOW+veX6Pj4rJc8nZK5bPdYq2ShZBD62gTbSMP7aEaOkSnqI4YekSv6AN9Og/Os/PmvP+MTjjZzhr6Vc7XN5R4qH8=</latexit>

H = J
X

hi,ji

Pi,j +K
X

4,5
(Pi,j,k + Pi,k,j)

<latexit sha1_base64="yDll9v2FBQXIsYJwCWIxSz33Zdc="></latexit>

AKLT chain

Fermionic simplex solid is an eigenstate of 
the Hamiltonian

and ground state when c1>0 and c10>0.

H
FSS =

X

4,5
(c1|1ih1|+ c10|10ih10|)

<latexit sha1_base64="Q/GvLYiPGGyvdpmLgw9SVEIwAx8="></latexit>

1 ⨀ 8 = 8A̅

B̅A̅ A̅

B̅

C̅

J =
1

6
(c10 � c1) , K =

1

6
(c10 + c1)

<latexit sha1_base64="ie82BU/lVlMTbJfc6izVO9Z1SeE="></latexit>



full ED for small system (12 sites)
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J = cos#, K = sin#
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34650 states in 
the singlet sector, 
but the symmetry 

group is large
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<latexit sha1_base64="yDll9v2FBQXIsYJwCWIxSz33Zdc=">AAACf3icdVHbbtNAEF0baEu4BXjkZUSEKCKy1m5SkgekSrxU8BIk0laqI2u9WTtL1hftjkGR5X/hc/iF/k3XbopoBCOtdPacM7Mzs3GppEFKrxz33v0He/sHD3uPHj95+qz//MWZKSrNxZwXqtAXMTNCyVzMUaISF6UWLIuVOI/Xn1r9/IfQRhb5N9yUYpGxNJeJ5AwtFfV/hRnDFWeqPm3gI8BnCE2VRXWoWJ4qAXL4HULd4Q b+eGdNVFulgffw5TYhlilq2Tmrcvj3dVn8zG2yEgke7pYYrtsiO+zalg61TFf4rhf1B9SjwWQ8CoB6wZhO/akFY+pPj0fge7SLAdnGLOr/DpcFrzKRI1fMmEuflriomUbJ7RC9sDKiZHzNUlF3+2vgjaWWkBTanhyhY+/4WGbMJouts23U7Got+S/tssJksqhlXlYocn7zUFIpwALaz4Cl1IKj2ljAuJa2Q+ArphlH+2Xt6Lfzwf/BWeD5R17wdTQ4mWyXcEBekdfkkPjkAzkhp2RG5oQ7e87QGTvHruO+dT2X3lhdZ5vzktwJd3oNiVDA6Q==</latexit>

H =
X

4,5
|1ih1|

<latexit sha1_base64="CMhEbq+3DCIp+ZRIU1aqE+PWWRQ="></latexit>

H =
X

4,5
|10ih10|

<latexit sha1_base64="KatgErlYuvW/zlWg+SxUXWVVR5A="></latexit>

c1 = 3(K � J)

c10 = 3(K + J)
<latexit sha1_base64="b8SdnBhs0FO5cI999x4NO/oIoHw=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0WpiCVpBYsgFNyIbirYBzSlTKYTO3TyYGYilJAvceOvuJHiRsGVf+OkDWhbLwwczjnDvec4IaNCmua3lltaXlldy6/rG5tb2zvG7l5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzhdaq3nggXNPAf5CgkXQ89+tSlGElF9YxL3IttD8mB48ZWksDjK1iBxbuz2xMIbVv/q5q/8qmS9Z5RMEvmZOAisDJQANnUe8bY7gc48ogvMUNCdCwzlN0YcUkxI4luR4KECA/RI4knyRJ4pKg+dAOuni/hhJ3xIU+IkecoZ3qmmNdS8j+tE0m32o2pH0aS+Hi6yI0YlAFMa4J9ygmWbKQAwpyqCyEeII6wVGWm0a35oIugWS5ZlVL5/rxQq2Yl5MEBOARFYIELUAM3oA4aAIMX8AY+wKf2rL1qY+19as1p2Z99MDPa1w/Etpti</latexit>

J = cos#, K = sin#
<latexit sha1_base64="OFwYLbQsi5Z/owSB3OpETYKhm/E=">AAACDXicdVDLSgMxFM3UV62vqks3F4vgQoZMbbVdCAU3opsKthU6pWTStA3NPEwyhVL6DW78FTcibhT0F/wb04dIRS8EDuec3OQcLxJcaYw/rcTC4tLySnI1tba+sbmV3t6pqjCWlFVoKEJ56xHFBA9YRXMt2G0kGfE9wWpe73ys1/pMKh4GN3oQsYZPOgFvc0q0oZpp+xLOwKWhArdPpO4yTY7AvYtJC65gLCke/EjQTGewjbOFfC4L2M7mcdEpGpDHTvEkB46NJ5NBsyk30x9uK6SxzwJNBVGq7uBIN4ZmH6eCjVJurFhEaI902HCSZgQHhmpBO5TmBBom7JyP+EoNfM84faK76rc2Jv/S6rFuFxpDHkSxZgGdPtSOBegQxtVAi0tGtRgYQKjk5odAu0QSqk2BKRP9Ox/8D6pZ2zm289e5TKkwKyGJ9tA+OkQOOkUldIHKqIIoekBP6BW9WffWo/VsvUytCWt2ZxfNjfX+BV7EmaY=</latexit>

34650 states in the 
singlet sector, but the 

symmetry group is large
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full ED for small system (12 sites) - degenerate GS
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H =
X

4,5
|1ih1|

<latexit sha1_base64="CMhEbq+3DCIp+ZRIU1aqE+PWWRQ="></latexit>

H =
X

4,5
|10ih10|

<latexit sha1_base64="KatgErlYuvW/zlWg+SxUXWVVR5A="></latexit>

J = K
<latexit sha1_base64="G+oStBWpwNd6cgmtwQaMUF3lbWU=">AAAB4HicbVBNS0JBFL3Pvsy+rJZthiRoJe+ZkJtAaBO1McoPUJF54zwdnPfmMXNfIOK+TUSbgn5Rf6F/06hvo3Zg4HDOGe4914+lMOi6v05mY3Nreye7m9vbPzg8yh+fNIxKNON1pqTSLZ8aLkXE6yhQ8lasOQ19yZv+6HbmN1+4NkJFzziOeTekg0gEglG00tP9zUMvX3CL7hxknXgpKUCKWi//0+krloQ8QiapMW3PjbE7oRoFk3ya6ySGx5SN6IBP5gtOyYWV+iRQ2r4IyVxdytHQmHHo22RIcWhWvZn4n9dOMKh0JyKKE+QRWwwKEklQkVlb0heaM5RjSyjTwm5I2JBqytDeJGere6tF10mjVPSuiqXHcqFaSY+QhTM4h0vw4BqqcAc1qAODAbzBJ3w5vvPqvDsfi2jGSf+cwhKc7z+pCokP</latexit>

J = �K
<latexit sha1_base64="vMu5WeB4xQGapGE7DHa2O7NxTA4=">AAAB4XicbVDLSgMxFL3xWeur6tJNsAhuLDNVsBuh4EZ0U8E+oC0lk2ba0ExmSO4IpfQD3Ii4UfCH/AX/xpl2Nm09EDicc8K953qRkhYd55esrW9sbm3ndvK7e/sHh4Wj44YNY8NFnYcqNC2PWaGkFnWUqEQrMoIFnhJNb3SX+s0XYawM9TOOI9EN2EBLX3KGqfRwe/nYKxSdkjMDXSVuRoqQodYr/HT6IY8DoZErZm3bdSLsTphByZWY5juxFRHjIzYQk9mGU3qeSH3qhyZ5GulMXcixwNpx4CXJgOHQLnup+J/XjtGvdCdSRzEKzeeD/FhRDGlal/alERzVOCGMG5lsSPmQGcYxOUo+qe4uF10ljXLJvSqVn66L1Up2hBycwhlcgAs3UIV7qEEdOAzhDT7hi3DySt7Jxzy6RrI/J7AA8v0HER2JRg==</latexit>



The 𝜗=3𝜋/4 (J = −K) case
H =

X

4,5
|1ih1|

<latexit sha1_base64="CMhEbq+3DCIp+ZRIU1aqE+PWWRQ="></latexit>

H4 = Pi,j,k + Pi,k,j � Pi,j � Pi,k � Pj,k
<latexit sha1_base64="/z/JhM7ZxQ2oAfOaLE8r88kJaTE=">AAACXnicbZFdSwJBFIZntzLTzO0Lgm6GJAgy2bUgbwKhGy8N8gNUZHYcddzZD2ZmA1mW/l5/obtu+h/N6hK4emDg5Tlnzpzzjh0wKqRpfmv63v5B7jB/VCgel07KxulZV/ghx6SDfebzvo0EYdQjHUklI/2AE+TajPRs5zXJ9z4IF9T33uUyICMXzTw6pRhJhcbGJxy6SM4xYlErHkdDySnyZozEL/+8rTitLqpODO9hhjrVRQwfsnQXc7ZY0rEwNipmzVwF3BZWKiogjfbY+BpOfBy6xJOYISEGlhnIUYS4pFiNXRiGggQIO2hGopU9MbxVaAKnPlfHk3BFN+qQK8TStVVlMp/I5hK4KzcI5bQxiqgXhJJ4eP3QNGRQ+jDxGk4oJ1iypRIIc6omhHiOOMJS/UiyupVddFt06zXrsVZ/e6o0G6kJeXANbsAdsMAzaIIWaIMOwOBXK2oX2qX2o+f0kl5el+paeuccbIR+9Qcu77U6</latexit>

= 0 
A

AA

B

AA

triangles having no 
more than two colors 

are degenerate 
eigenstates

(H4 + 1)
<latexit sha1_base64="6T9r0pUNoHB+jCICLQS2U8/myRk=">AAACBnicbVDLSgMxFM3UV62vUZdugkWsCGWmCnZZcNNlBfuAThkyaWYamnmQ3BHK0L0bf8WNiBsFl/6Cf2Om7aatFwKHc06Se46XCK7Asn6Nwsbm1vZOcbe0t39weGQen3RUnErK2jQWsex5RDHBI9YGDoL1EslI6AnW9cb3ud59YlLxOHqEScIGIQki7nNKQFOueYkdwXyoOCGBESUia07dzAHJSRQINr22HcmDEVy5ZtmqWrPB68BegDJaTMs1f5xhTNOQRUAFUapvWwkMMiKBU/1wyUkVSwgdk4BlsxhTfKGpIfZjqU8EeMYu+Uio1CT0tDPfVq1qOfmf1k/Brw8yHiUpsIjOP/JTgSHGeSd4yCWjICYaECq53hDTEZGEgm6upKPbq0HXQadWtW+qtYfbcqO+KKGIztA5qiAb3aEGaqIWaiOKXtAb+kRfxrPxarwbH3NrwVjcOUVLY3z/ARQmmKM=</latexit>

= 0 (H4 + 1)
<latexit sha1_base64="6T9r0pUNoHB+jCICLQS2U8/myRk=">AAACBnicbVDLSgMxFM3UV62vUZdugkWsCGWmCnZZcNNlBfuAThkyaWYamnmQ3BHK0L0bf8WNiBsFl/6Cf2Om7aatFwKHc06Se46XCK7Asn6Nwsbm1vZOcbe0t39weGQen3RUnErK2jQWsex5RDHBI9YGDoL1EslI6AnW9cb3ud59YlLxOHqEScIGIQki7nNKQFOueYkdwXyoOCGBESUia07dzAHJSRQINr22HcmDEVy5ZtmqWrPB68BegDJaTMs1f5xhTNOQRUAFUapvWwkMMiKBU/1wyUkVSwgdk4BlsxhTfKGpIfZjqU8EeMYu+Uio1CT0tDPfVq1qOfmf1k/Brw8yHiUpsIjOP/JTgSHGeSd4yCWjICYaECq53hDTEZGEgm6upKPbq0HXQadWtW+qtYfbcqO+KKGIztA5qiAb3aEGaqIWaiOKXtAb+kRfxrPxarwbH3NrwVjcOUVLY3z/ARQmmKM=</latexit>
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385427 states are degenerate 
312=531441 is the total number of states
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The 𝜗=𝜋/4 (J = K) case
H =

X

4,5
|10ih10|

<latexit sha1_base64="KatgErlYuvW/zlWg+SxUXWVVR5A="></latexit> ⊗ = ⊕

13 3 ̅ 8=⊗ ⊕

3 ̅

3
1

3 ̅

3

The irepps of 3 spins in 
the triangle contain 1 

and 8, but no 10.

the building blocks are:



The J = K case: Lego time!
H =

X

4,5
|10ih10|

<latexit sha1_base64="KatgErlYuvW/zlWg+SxUXWVVR5A="></latexit>
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The J = K case: Lego time!
H =

X

4,5
|10ih10|

<latexit sha1_base64="KatgErlYuvW/zlWg+SxUXWVVR5A="></latexit>

“current conservation” - some 
kind of a Coulomb liquid ?


On each bond 3 possibilities:

2 directions of arrow and 

absence of an arrow.


Z3 degrees of freedom


topological sectors 

(definition not obvious 

because of overlap and non-
orthogonality)



The J = K case: singlet states characterized by 
directed loops on honeycomb lattice

1 1

2 2

3 ̅
3≡̅33(a) (b) (c)

local loops -> 
extensive number of 

loops

number of undirected loops = 2×2×2(Nhex-1)

N undirected directed lin. ind.
12 32 69 48
27 1024 2551 2485
36 8192 22437

for 12 sites they span 
the singlet GS 

manifold



The J = K case: other irreps also appear

What is the origin of the higher SU(3) irreps ???
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degeneracy at 𝜗=𝜋/4: 468 = (48)×1 + (40)×8 + (10)×10‾

Irrep of cuboctahedron symmetry



Tensor network: the wave function

each triangle 
represents the 

antisymmetrizing 
Levi-Civita symbol 

3 ̅

3 ̅3 ̅

3



Tensor network: the overlap

R. Penrose, 
Applications of 
negative dimensional 
tensors, 1971

Penrose polynomial, 
defined for plane graphs 


graph of contracted 
Levi-Civita symbols 

12: 13392  
27: 1828256832
36: 2220531642144

gfortran has 128-bit long 
integer type:-)
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Example for overlap (12 sites)
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ε1,9,11ε2,13,14ε3,6,15ε4,8,12ε5,16,17ε7,10,19ε18,20,21ε22,23,24ε25,37,49ε26,38,50
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ε11,23,35ε12,24,36ε37,45,47ε38,43,50ε39,49,51ε40,52,55ε41,42,53ε44,48,60ε46,58,59ε54,56,57

= 49152

Penrose graph

The graphs are 
“bipartite” (median graph for 

degree 3 regular bipartite graph)



Evaluating Penrose graphs

1
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3

ε1,2,3 ε1,2,3 = 6
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1
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8

…ε5,1,6 ε1,2,3 ε2,4,3 ε4,7,8… = − 2 × …ε5,1,6 ε1,7,8…

= −2 ×

εi, j,k εi,l,m = δl
j δ

m
k − δm

j δl
k

εi, j,k εi, j,l = 2δl
k

εi, j,k εi, j,k = 6

=

implied sum over 
repeated indices

We can define a recursive 
procedure to evaluate the 

Penrose graph:



Evaluating Penrose graphs

…ε1,2,8 ε2,3,4 ε4,5,6 ε6,7,8… = δ3
1δ7

5 + δ7
1δ3
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1 2 3
4
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1 2
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4
5

6
= − δ2

1δ6
3δ4

5 − δ6
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3δ2
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1δ2
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5 + δ4
1δ6

3δ2
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Evaluating using tensor network
the building block:



Tensor network: the overlap

is simply a product 
of matrices



12 sites
27 sites
48 sites

Spin-spin correlation function
calculated using “tensor network”



12 sites
27 sites
48 sites

Spin-spin correlation function
calculated using “tensor network”



12 sites
27 sites
48 sites

Spin-spin correlation function
calculated using “tensor network”
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Spin-spin correlation function
decays exponentially, 

Manhattan distance

C(r) = hFSS|AµAµ|FSSi
= hFSS| (P0,r � 1/3) |FSSi
⇡ 3�r

<latexit sha1_base64="Ei3zYSdUaloCKYWs/zFyB98vraE="></latexit>



Triviality ?
Regular graph of degree 3 (cubic graph).


The medial graph is a “kagome” lattice 
(corner sharing triangles), 
 FSS is a ground state. 

The transformations of the FSS wave 
function under the generators of 

isomorphism group are 


{−1,1,−1,−1,1}


For the trivial state they are all 1.

1

2

3

10
4

9

5

7
6

8

1 {1, 2, 3}
2 {1, 4, 5}
3 {2, 6, 7}
4 {4, 8, 9}
5 {6, 10, 11}
6 {8, 10, 12}
7 {7, 12, 13}
8 {11, 13, 14}
9 {5, 14, 15}
10 {3, 9, 15}
{{1 → 1, 2 → 2, 3 → 3, 4 → 4, 5 → 5, 6 → 7, 7 → 6, 8 → 8, 9 → 9, 10 → 12, 11 → 13, 12 → 10, 13 → 11, 14 → 14, 15 → 15},
{1 → 1, 2 → 2, 3 → 3, 4 → 5, 5 → 4, 6 → 6, 7 → 7, 8 → 14, 9 → 15, 10 → 11, 11 → 10, 12 → 13, 13 → 12, 14 → 8, 15 → 9},
{1 → 3, 2 → 2, 3 → 1, 4 → 9, 5 → 15, 6 → 6, 7 → 7, 8 → 8, 9 → 4, 10 → 10, 11 → 11, 12 → 12, 13 → 13, 14 → 14, 15 → 5},
{1 → 6, 2 → 2, 3 → 7, 4 → 10, 5 → 11, 6 → 1, 7 → 3, 8 → 8, 9 → 12, 10 → 4, 11 → 5, 12 → 9, 13 → 15, 14 → 14, 15 → 13},
{1 → 4, 2 → 8, 3 → 9, 4 → 1, 5 → 5, 6 → 10, 7 → 12, 8 → 2, 9 → 3, 10 → 6, 11 → 11, 12 → 7, 13 → 13, 14 → 14, 15 → 15}}



Lifting the degeneracy: K - J2 model
K = cos↵

J2 = sin↵
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ED in the Hilbert space spanned by singlets, 27 sites
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we calculate the 
eigenvalues of the 

polarization operator 
p:





where  is the 
expectation value of 
the spin correlation  

on the bond.

p = ∑
j∈bonds

ωl( j)⟨𝒫j⟩

⟨𝒫j⟩

Topological sectors (polarizability)

1

−1

ω

ω2ω4

ω5

ω = exp
2πi
6

following Bulaevskii, Batista, Mostovoy, and Khomskii,

Phys. Rev. B 78, 024402 (2008).

Re(p)

Im(p)



Topological sectors (polarizability)

we calculate the 
eigenvalues of the 

polarization 
operator:



p = ∑
j∈bonds

ωl( j)𝒫j

27 sites, 2485 states


Re(p)

Im(p)
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FIG. 1. (a) The model is constructed from trimers |τ ⟩ which are
in a singlet state with representation Hv ≡ 1 ⊕ 3 ⊕ 3̄ at each site
(green dots), to which a map P• is applied which selects the physical
degrees of freedom from Hv ⊗ Hv . (b) Mapping to a Z3 topological
model: Each site holds a Z3 degree of freedom: one of two arrows or
no arrow. The arrows are pointing towards the 3 representation and
satisfy a Gauss law across each vertex due to the fusion rules of the
SU(3) irreps.

indeed exhibits left- and right-propagating modes with very
different velocities, and the slow mode in the trivial sector
displays a level counting clearly matching that of a chiral
SU(3)1 Conformal Field Theory (CFT). Yet, we find clear
evidence that the modes couple and the ES is gapped. How-
ever, under a specific deformation the chiral features become
more pronounced, and it is well conceivable that the ES
becomes chiral for instance as the deformation drives the
system through a phase transition.

II. SU(3) MODEL

We start by providing the construction of the model, illus-
trated in Fig. 1(a). We start from trimers |τ ⟩ built of three “vir-
tual” particles, |τ ⟩ ∈ H⊗3

v , where each of the virtual particles
lives in Hv = 1 ⊕ 3 ⊕ 3̄. Here, the boldface numbers denote
representations of SU(3), that is Hv decays into a direct sum
C1 ⊕ C3 ⊕ C3, with u ∈ SU(3) acting with the trivial action
(1), the fundamental action u (3), and the antifundamental
action ū (3̄), respectively. We will choose |τ ⟩ to be an SU(3)
singlet. H⊗3

v supports a total of nine singlets, namely one in
each of the spaces 1 ⊗ 1 ⊗ 1, 3 ⊗ 3 ⊗ 3, and 3̄ ⊗ 3̄ ⊗ 3̄, and
the six permutations of 1 ⊗ 3 ⊗ 3̄. We choose |τ ⟩ to be an
equal weight superposition of all singlets, with the follow-
ing convention: The six states 1 ⊗ 3 ⊗ 3̄ together with the
1 ⊗ 1 ⊗ 1 singlet are combined with amplitudes ± 1 to form
a fully symmetric state |S⟩, the remaining states 3 ⊗ 3 ⊗ 3
and 3̄ ⊗ 3̄ ⊗ 3̄ are combined with amplitudes +1 to form a
fully antisymmetric state |A⟩, and |τ ⟩ = |S⟩ + i|A⟩. The state
|τ ⟩ thus has a chiral symmetry: It transforms trivially under
translation and rotation and as |τ ⟩ &→ |τ̄ ⟩ under reflection.

We now arrange the trimers |τ ⟩ as shown in Fig. 1(a) and
apply maps P(α,β ) to pairs of adjacent virtual sites, where the
parameters α,β ∈ [0, 1] will allow us to interpolate between
the fixed-point model and the SU(3) spin liquid. We first de-
fine the map P ⊥ ≡ P(1,1) which projects the two adjacent sites
H⊗2

v = (1 ⊕ 3 ⊕ 3̄)⊗2 onto the union of the three components
Hω = 1 ⊗ 3, Hω̄ = 3 ⊗ 1, and H1 = 3̄ ⊗ 3̄. We will show in
a moment that the resulting wave function is a fixed-point
wave function with Z3 topological order.

The interpolation in α is now obtained by adiabati-
cally removing the 6̄ component in H1 = 3̄ ⊗ 3̄ = 3 ⊕ 6̄,

that is,

P(α,1) =
{
1Hω

⊕ 1Hω̄
⊕

[
α1H1 + (1 − α)!H3

1

]}
P⊥ , (1)

where we have decomposed H1 = 3 ⊕ 6̄ ≡ H3
1 ⊕ H6̄

1, and
!H denotes the orthogonal projector onto H.

At α = 0, we are left with P333 = P(0,1) which maps
into H333 = Hω ⊕ Hω̄ ⊕ H3

1
∼= 3 ⊗ C3, where the first ten-

sor component transforms as 3, while the second compo-
nent labels which representation we consider, and thus trans-
forms trivially under SU(3). We can now remove the C3

adiabatically,

P(0,β ) = {13 ⊗ [β 1C3 + (1 − β )|e⟩⟨e|C3 ]} P(0,1), (2)

by projecting the label onto the equal weight superposition
|e⟩ of the three components (with the phases of Hω, Hω̄

chosen opposite, leaving P(0,β ) antisymmetric). For (α,β ) =
(0, 0), we can factor out the |e⟩ and are thus left with an
SU(3)-invariant wave function [as the building blocks are
SU(3)-invariant] with the fundamental representation at each
site. Clearly, the two interpolations can be combined into a
two-parameter family, though in the following we will only
consider the presented sequence of interpolations (1, 1) →
(0, 1) → (0, 0).

Let us now show how to map the model with P(1,1) =
P ⊥ : H⊗2

v → Hω ⊕ Hω̄ ⊕ H1 to a topological Z3 fixed-point
model by local unitaries. To this end, let us first add an
extra qutrit (“indicator”) {|−⟩t , | →⟩t , | ←⟩t } at each vertex,
onto which we copy the information whether the system
at that vertex is in the space H1 = 3̄ ⊗ 3̄, Hω = 1 ⊗ 3, or
Hω̄ = 3 ⊗ 1, as shown in Fig. 1(b) (the arrow always points
towards the 3 irrep). Now consider for a moment the scenario
where we project all indicator qutrits onto this basis (“classical
configurations”). Given any such classical configuration, the
states of the virtual system factorize into singlet states of the
corresponding irreps on the individual triangles, and can thus
be brought into a fiducial state by local unitaries controlled by
the state of the indicator qutrits, and thus effectively removed.

This operation can be done coherently, leaving us with
the indicator qutrits in a superposition of all allowed con-
figurations. The construction of |τ ⟩ ensures that around each
vertex of the dual honeycomb lattice, the number of 3 (i.e.,
ingoing arrows) minus the number of 1 (i.e., outgoing ar-
rows) is 0 mod 3. Associating the indicator qutrits with Z3
variables (with arrows pointing from the A to the B sublattice
corresponding to ω = e2π i/3, the other arrows to ω̄, and “no
arrow” to 1), it follows that the indicator qutrits which live
on the edges of the honeycomb lattice satisfy a Z3 Gauss’
law. In addition, all allowed configurations appear with equal
weight. Thus, the wave function given by the indicator qutrits
is the wave function of a quantum double model D(Z3), i.e.,
a fixed-point wave function with Z3 topological order.1

1Observe that our model is not a “resonating trimer state” as, e.g.,
in Ref. [17], since projecting 3̄ ⊗ 3̄ creates large entangled clusters
(e.g., for the vacuum of the Z3 model). Placing the model of Ref. [17]
on the kagome lattice in fact yields a variant of our model with a
modified |τ ⟩ which we found to be in a trivial phase.
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parent Hamiltonian has 17 (?) sites, not shown in the papers

The trimer 
singlet is new:
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Nsites =
3

2
N3̄3̄3̄ + 3N333 +

3

2
N3̄3

Ntris = N3̄3̄3̄ +N333 +N3̄3

3Ntris = 2Nsites
<latexit sha1_base64="Ok/RlK+FgLRTOxQAu+JTrHgTtmU="></latexit>

from these equations: N333 = 0
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a single creates an unhappy triangle elsewhere 
(unless saved by non-orthogonality)
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FIG. 1. (a)–(j) Ten possible configurations of a local tensor to
realize the trimer covering. Known trimer coverings consisting of
linear and bent types only arise as special limits. The numbers 0, 1,
and 2 denote the indices of the site tensor. (k) Red and blue bars
represent all possible L- and B-type trimers, respectively.

Z =
∑

{li ,ri ,ui ,di } Al1r1u1d1δr1l2Al2r2u2d2 · · · gives the number of
trimer coverings.

The efficient calculation of Z proceeds on a cylinder ge-
ometry with the periodic boundary condition (PBC) imposed
along the x direction of length Nx and open ends along the
y direction of length Ny . The largest eigenvalue λ of the
row-to-row transfer matrix (TM) is used to evaluate Z ∼ λNy .
The entropy per site is s = ln Z/N , where N = NxNy counts
the number of lattice sites. We quote below the thermodynamic
extrapolation of the entropy for the mixed (both L- and B-type)
trimer case along with known results for L-only and B-only
types [24,25]:

s∞ =

⎧
⎪⎨

⎪⎩

0.15852(1.17178) for L-type,
0.27693(1.31907) for B-type,
0.41194(1.50974) for L- and B-type.

(1)

The number in the parentheses is x = es∞ , with which one
obtains Z ∼ xN .

Interestingly, we have found from analysis of the adjacency
graph of the transfer matrix that trimer configurations on the
cylinder can be classified into three distinct topological sectors
[26]. The winding number characterizing each sector can be
defined with a string threading the dual lattice. As depicted in
Fig. 2(a), we assign a direction to the string and give a weight
ω = e2π i/3 when the center position of the trimer is seen on
the right side of the path, and ω∗ if seen on the left side. With
this definition, the total weight for the elementary string loop
surrounding a site anticlockwise [Fig. 2(b)] is always ω, and it
can be considered as a locally conserved quantity in the trimer
problem. The winding number % around a single trimer is the
product of three factors of ω as the loop should consist of
three consecutive elementary loops, thus giving % = ω3 = 1.
For noncontractible loops defined on a compact manifold such
as the torus, the allowed winding numbers are % = 1,ω,ω∗,
as readers can easily verify, and cannot be modified by local
rearrangements of the string or of the trimers.

FIG. 2. (a) Assignment of the weight ω = e2π i/3 and its conjugate
ω∗ for the passage through the dual lattice with the center of the trimer
(blue dot) on the right and left side of the path, respectively. (b) For
any elementary loop surrounding a site, the total weight is always
% = ω. For any loop surrounding a single trimer, the total weight is
% = ω3 = 1.

A quantum Hamiltonian with 9g (g = genus of the mani-
fold) topological degeneracy may be constructed in analogy
with the RK Hamiltonian [3,4]:

(2)

The summation over all lattice translations of the blue-dot
site, as well as the 90◦ rotation (R π

2
) of the displayed terms,

are assumed. The v and t terms are the potential and resonating
pieces, respectively, in analogy with the structure of the RK
Hamiltonian for dimers [3,4]. In the potential terms, · · ·
denotes all other possible diagonal terms [26]. Resonating
terms involve only two trimers at one time and are not able
to alter the topological sector of the initial configuration. As
with all dimer models, there are certain “staggered states”
that cannot be reached by applying any number of resonance
moves. An example is given in Fig. 3(a). Acting with the
Hamiltonian on the staggered state gives 0 irrespective of t
and v values. Higher-order moves such as the simultaneous
rearrangement of six trimers caged inside the blue contour in

FIG. 3. (a) Staggered trimer configuration. A nonflippable six-
trimer block inside the blue boundary can be connected to (b) a
flippable configuration through six-trimer resonance moves.
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Figs. 3(a) and 3(b) can connect such staggered configurations
to flippable ones. Even this six-trimer flip is not able to alter
the topological sector.

At t = v, the trimer Hamiltonian in Eq. (2) can be recast
as a sum of projectors that locally project out the linear
superposition of flippable configurations [3,4,26]. Its ground
state is the linear superposition of all but the staggered
trimer configurations (to be defined shortly), with equal
amplitudes, i.e., the trimer resonating valence bond (tRVB)
state, |tRVB⟩ =

∑
T |T ⟩. Here, |T ⟩ refers to a trimer covering

within a particular topological sector. For a torus with genus
number g = 1, we have 9g = 9 degenerate ground states
not connected with each other by resonance moves of the
Hamiltonian. Each one is a unique ground state of the trimer
RK Hamiltonian at t = v, within the subspace that excludes
staggered configurations, due to the Perron-Frobenius theorem
[27]. The staggered states also have zero energy, in apparent
degeneracy with the tRVB state |tRVB⟩. One can rule out
staggered states from the ground state by perturbing away
from the RK point to v = t − ϵ infinitesimally, ϵ/t ≪ 1 [28].
Also, since this perturbation does not mix different topological
sectors, we still have 9g independent ground states.

Connected trimer (⟨tRVB|TiTj |tRVB⟩c) and trimer-trimer
(⟨tRVB|TiTi+x̂TjTj+x̂ |tRVB⟩c) correlation functions, where Ti

is either an L- or a B-type trimer projector, are evaluated and
presented in Fig. 4. By performing a finite size scaling, we
obtained very nicely converged values and therefore the results
in Fig. 4 are not certainly affected by the finite size effect.
All functions decay exponentially with very short correlation
lengths of order one lattice spacing, as observed in the dimer
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FIG. 4. Correlations between (a) L-type, (b) B-type, (c) L- and
B-type, and (d) (LL)-trimers are measured on a 120 × 120 lattice
with the open boundary condition. Here, Rij is the distance between
two trimers at the site i and j , and the estimated correlation length ξ

is shown for each plot.

RK wave function on the triangular lattice [29,30]. It strongly
suggests that the quantum trimer Hamiltonian in Eq. (2) is
gapped at the RK point.

The 9g-fold topological degeneracy along with the likely
gapped nature of the ground state suggests a Z3 gauge theory
description of the low-energy dynamics for the trimer Hamil-
tonian. The relevant magnetic excitations (so-called vortex
and antivortex) will also be of Z3 character, differentiating
a vortex from the antivortex [31]. (In the Z2 gauge theory,
vortex and antivortex are the same [32].) A vortex-antivortex
pair excitation can be constructed explicitly. Let us consider the
same string operator, used previously for defining the winding
number, connecting two sites (p1,p2) on the dual lattice and
define a quantum state

|v1v̄2⟩ =
∑

T

ωnr−nl|T ⟩, (3)

where nr(l) denotes the number of the trimers crossed by the
string from the right (left) side of its center. This state is
orthogonal to the ground state in the thermodynamic limit,

⟨v1v̄2|tRVB⟩ =
∑

T

ωnl−nr ∝ 1 + ω + ω∗ = 0. (4)

The first equality follows from the assumed orthogonality
of different trimer configurations ⟨T ′|T ⟩ = δT T ′ . For a suf-
ficiently large sample and a well-separated vortex-antivortex
pair there should be equal numbers of configurations having
nl − nr = 0,1,2 (mod 3), hence the overlap must be zero. The
phase V12 = ωnl−nr is topologically identical to the operator
creating the Z3 vortex-antivortex pair in the Z3 gauge theory
[31]. Therefore, |tRVB⟩ and |v1v̄2⟩ can be considered as a
vacuum and a single vortex-antivortex pair state, respectively.
In this sense, we may interpret the nontrivial phase ω obtained
by the elementary loop in Fig. 2(b) as a result of braiding
between the vortex (or antivortex) and a Z3 charge placed at
each site [31].

The t = v RK point defines the first-order phase boundary
[4]. For v/t > 1, the ground state is one of the staggered
configurations such as that shown in Fig. 3(a), defined as states
that are annihilated identically by the actions of t and v terms
in the trimer Hamiltonian. Any trimer configuration containing
a flippable block gains a positive energy (v − t)nfl, where nfl is
the number of such flippable blocks. At v/t = −∞, the ground
state will be chosen to maximize the number of flippable
configurations. It is one of the columnar configurations
depicted in Fig. 5, and those are sixfold degenerate at most,
depending on the boundary condition and the system size.
A likely phase diagram of the quantum trimer model is
schematically proposed in Fig. 5. An extensive numerical work

FIG. 5. Schematic phase diagram of the quantum trimer
Hamiltonian.
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FIG. 1. (a) Schematics of the SU(3) trimers. (b) Typical trimer
covering configuration on the square lattice. (c) Projected entangled-
pair state representation of the SU(3) tRVB state. (d) Two kinds of
projectors mapping virtual states to physical states.

with ε123 = 1. For such a trimer, it is convenient to assign an
orientation as i → j → k. For our purpose, we only consider
four kinds of “short-range” bent trimers for which both (i, j )
and (j, k) are nearest neighbors and the angle between two
orientations i → j and j → k is 90◦ [see Fig. 1(a)].

The SU(3) tRVB state of our interest is an equal-weight
superposition of trimer coverings on the square lattice; see
Fig. 1(b) for an example of the trimer covering configuration.
The relative sign of trimer covering configurations is fixed
by the local orientations of the trimers, i.e., only trimers
with orientations shown in Fig. 1(a) are allowed. It is then
straightforward to verify that the tRVB state so obtained
respects the full C4v symmetry of the square lattice. Similar to
the nonorthogonality of SU(2) valence-bond dimer coverings,
the SU(3) trimer covering configurations do not form an
orthogonal basis either. Thus, our tRVB is different from a
recent proposal [22] of a tRVB wave function which consists
of orthogonal trimer configurations in the same sense as the
difference between the spin-1/2 nearest-neighbor RVB state
[23] and the Rokhsar-Kivelson wave function [24]. Due to
the nonorthogonality, there is a priori no reason to suppose
that the correlations of the SU(3) tRVB state are similar to its
classical analog [25].

III. PEPS REPRESENTATION

In order to characterize the SU(3) tRVB state, we switch
to its PEPS representation. Similar strategy has been proven
very successful in characterizing the spin-1/2 RVB [26–
30] and spin-1 resonating Affleck-Kennedy-Lieb-Tasaki loop
states [31,32] on various lattices. Following the projective
construction of PEPS, we introduce at every site four virtual
particles, each of which supports a seven-dimensional auxil-
iary Hilbert space VA with basis vectors |0⟩ belonging to the
SU(3) trivial representation and {|1⟩, |2⟩, |3⟩} ({|1̄⟩, |2̄⟩, |3̄⟩})
transforming under the fundamental (antifundamental) rep-
resentation 3 (3̄), respectively. Each pair of virtual particles
between adjacent sites forms a maximally entangled state [see

Fig. 1(c)],

|E⟩ = |00⟩ + |11̄⟩ + |22̄⟩ + |33̄⟩ + |1̄1⟩ + |2̄2⟩ + |3̄3⟩. (1)

For later purpose we compactly write the maximally entan-
gled state (1) between sites i1 and i2 as

|E⟩i1,i2 =
∑

α,β∈VA

Eα,β |α⟩i1 |β⟩i2 , (2)

where the nonvanishing entries of Eα,β can be obtained
from (1).

To recover the physical Hilbert space, the four virtual states
at each site are projected back to the physical state by a
projector P̂ , defined by

P̂ =
∑

a∈V

∑

α,β,η,γ∈VA

Pa
α,β,η,γ |a⟩⟨α,β, η, γ |, (3)

where α, β, η, and γ are assigned for the virtual states at left,
right, up, and down positions [see Fig. 1(c)], V is the physical
Hilbert space on each site, and Pa

α,β,η,γ is a tensor to be
specified below. To reproduce the tRVB state, we decompose
the projector P̂ into two parts,

P̂ = P̂1 + P̂2, (4)

where P̂1 identifies one of the virtual states in 3 as the physical
state [the rest three virtual particles are in the trivial represen-
tation; see the upper panel in Fig. 1(d) for an example],

P̂1 =
∑

a∈V

∑

α,β,η,γ∈VA

[(δα,aδβ,0 + δα,0δβ,a )δη,0δγ ,0

− δα,0δβ,0(δη,aδγ ,0 + δη,0δγ ,a )]|a⟩⟨α,β, η, γ |, (5)

and P̂2 maps two adjacent virtual states in 3̄ into the physical
state [the rest two virtual particles are in the trivial represen-
tation; see the lower panel in Fig. 1(d)],

P̂2 =
∑

a∈V

∑

α,β,η,γ∈VA

∑

M̄,N̄∈(1̄,2̄,3̄)

εaMN (δα,M̄δβ,0δη,N̄δγ ,0

+ δα,M̄δβ,0δη,0δγ ,N̄ + δα,0δβ,M̄δη,N̄δγ ,0

+ δα,0δβ,M̄δη,0δγ ,N̄ )|a⟩⟨α,β, η, γ |. (6)

The tensor Pa
α,β,η,γ in (3) is thus defined through the sum

of tensor entries in (5) and (6). It is also easy to verify that
both P̂1 and P̂2 belong to the B1 irreducible representation of
the C4v point-group symmetry [33]. Here we would like to
mention that the linear trimer configuration where the three
neighboring sites forming the singlet are on a straight line
is excluded since it does not belong to the B1 irreducible
representation of C4v .

With the PEPS projector and the virtual bonds in hand, the
PEPS for the SU(3) tRVB state is obtained by applying the
product of projectors to the virtual bonds,

|ψ⟩ =
N⊗

i=1

P̂ (i)
⊗

⟨i1,i2⟩
|E⟩i1,i2 , (7)

which is shown in Fig. 1(c). By construction, each trimer
consists of three sites with P̂2 acting on the middle site
and P̂1 acting on the two end sites. Only the configurations
of trimer coverings in which each site belongs to one and
only one trimer have nonzero weight in |ψ⟩, and all trimer
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FIG. 1. (a) Schematics of the SU(3) trimers. (b) Typical trimer
covering configuration on the square lattice. (c) Projected entangled-
pair state representation of the SU(3) tRVB state. (d) Two kinds of
projectors mapping virtual states to physical states.

with ε123 = 1. For such a trimer, it is convenient to assign an
orientation as i → j → k. For our purpose, we only consider
four kinds of “short-range” bent trimers for which both (i, j )
and (j, k) are nearest neighbors and the angle between two
orientations i → j and j → k is 90◦ [see Fig. 1(a)].

The SU(3) tRVB state of our interest is an equal-weight
superposition of trimer coverings on the square lattice; see
Fig. 1(b) for an example of the trimer covering configuration.
The relative sign of trimer covering configurations is fixed
by the local orientations of the trimers, i.e., only trimers
with orientations shown in Fig. 1(a) are allowed. It is then
straightforward to verify that the tRVB state so obtained
respects the full C4v symmetry of the square lattice. Similar to
the nonorthogonality of SU(2) valence-bond dimer coverings,
the SU(3) trimer covering configurations do not form an
orthogonal basis either. Thus, our tRVB is different from a
recent proposal [22] of a tRVB wave function which consists
of orthogonal trimer configurations in the same sense as the
difference between the spin-1/2 nearest-neighbor RVB state
[23] and the Rokhsar-Kivelson wave function [24]. Due to
the nonorthogonality, there is a priori no reason to suppose
that the correlations of the SU(3) tRVB state are similar to its
classical analog [25].

III. PEPS REPRESENTATION

In order to characterize the SU(3) tRVB state, we switch
to its PEPS representation. Similar strategy has been proven
very successful in characterizing the spin-1/2 RVB [26–
30] and spin-1 resonating Affleck-Kennedy-Lieb-Tasaki loop
states [31,32] on various lattices. Following the projective
construction of PEPS, we introduce at every site four virtual
particles, each of which supports a seven-dimensional auxil-
iary Hilbert space VA with basis vectors |0⟩ belonging to the
SU(3) trivial representation and {|1⟩, |2⟩, |3⟩} ({|1̄⟩, |2̄⟩, |3̄⟩})
transforming under the fundamental (antifundamental) rep-
resentation 3 (3̄), respectively. Each pair of virtual particles
between adjacent sites forms a maximally entangled state [see

Fig. 1(c)],

|E⟩ = |00⟩ + |11̄⟩ + |22̄⟩ + |33̄⟩ + |1̄1⟩ + |2̄2⟩ + |3̄3⟩. (1)

For later purpose we compactly write the maximally entan-
gled state (1) between sites i1 and i2 as

|E⟩i1,i2 =
∑

α,β∈VA

Eα,β |α⟩i1 |β⟩i2 , (2)

where the nonvanishing entries of Eα,β can be obtained
from (1).

To recover the physical Hilbert space, the four virtual states
at each site are projected back to the physical state by a
projector P̂ , defined by

P̂ =
∑

a∈V

∑

α,β,η,γ∈VA

Pa
α,β,η,γ |a⟩⟨α,β, η, γ |, (3)

where α, β, η, and γ are assigned for the virtual states at left,
right, up, and down positions [see Fig. 1(c)], V is the physical
Hilbert space on each site, and Pa

α,β,η,γ is a tensor to be
specified below. To reproduce the tRVB state, we decompose
the projector P̂ into two parts,

P̂ = P̂1 + P̂2, (4)

where P̂1 identifies one of the virtual states in 3 as the physical
state [the rest three virtual particles are in the trivial represen-
tation; see the upper panel in Fig. 1(d) for an example],

P̂1 =
∑

a∈V

∑

α,β,η,γ∈VA

[(δα,aδβ,0 + δα,0δβ,a )δη,0δγ ,0

− δα,0δβ,0(δη,aδγ ,0 + δη,0δγ ,a )]|a⟩⟨α,β, η, γ |, (5)

and P̂2 maps two adjacent virtual states in 3̄ into the physical
state [the rest two virtual particles are in the trivial represen-
tation; see the lower panel in Fig. 1(d)],
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The tensor Pa
α,β,η,γ in (3) is thus defined through the sum

of tensor entries in (5) and (6). It is also easy to verify that
both P̂1 and P̂2 belong to the B1 irreducible representation of
the C4v point-group symmetry [33]. Here we would like to
mention that the linear trimer configuration where the three
neighboring sites forming the singlet are on a straight line
is excluded since it does not belong to the B1 irreducible
representation of C4v .

With the PEPS projector and the virtual bonds in hand, the
PEPS for the SU(3) tRVB state is obtained by applying the
product of projectors to the virtual bonds,

|ψ⟩ =
N⊗

i=1

P̂ (i)
⊗

⟨i1,i2⟩
|E⟩i1,i2 , (7)

which is shown in Fig. 1(c). By construction, each trimer
consists of three sites with P̂2 acting on the middle site
and P̂1 acting on the two end sites. Only the configurations
of trimer coverings in which each site belongs to one and
only one trimer have nonzero weight in |ψ⟩, and all trimer
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with ε123 = 1. For such a trimer, it is convenient to assign an
orientation as i → j → k. For our purpose, we only consider
four kinds of “short-range” bent trimers for which both (i, j )
and (j, k) are nearest neighbors and the angle between two
orientations i → j and j → k is 90◦ [see Fig. 1(a)].

The SU(3) tRVB state of our interest is an equal-weight
superposition of trimer coverings on the square lattice; see
Fig. 1(b) for an example of the trimer covering configuration.
The relative sign of trimer covering configurations is fixed
by the local orientations of the trimers, i.e., only trimers
with orientations shown in Fig. 1(a) are allowed. It is then
straightforward to verify that the tRVB state so obtained
respects the full C4v symmetry of the square lattice. Similar to
the nonorthogonality of SU(2) valence-bond dimer coverings,
the SU(3) trimer covering configurations do not form an
orthogonal basis either. Thus, our tRVB is different from a
recent proposal [22] of a tRVB wave function which consists
of orthogonal trimer configurations in the same sense as the
difference between the spin-1/2 nearest-neighbor RVB state
[23] and the Rokhsar-Kivelson wave function [24]. Due to
the nonorthogonality, there is a priori no reason to suppose
that the correlations of the SU(3) tRVB state are similar to its
classical analog [25].

III. PEPS REPRESENTATION

In order to characterize the SU(3) tRVB state, we switch
to its PEPS representation. Similar strategy has been proven
very successful in characterizing the spin-1/2 RVB [26–
30] and spin-1 resonating Affleck-Kennedy-Lieb-Tasaki loop
states [31,32] on various lattices. Following the projective
construction of PEPS, we introduce at every site four virtual
particles, each of which supports a seven-dimensional auxil-
iary Hilbert space VA with basis vectors |0⟩ belonging to the
SU(3) trivial representation and {|1⟩, |2⟩, |3⟩} ({|1̄⟩, |2̄⟩, |3̄⟩})
transforming under the fundamental (antifundamental) rep-
resentation 3 (3̄), respectively. Each pair of virtual particles
between adjacent sites forms a maximally entangled state [see

Fig. 1(c)],

|E⟩ = |00⟩ + |11̄⟩ + |22̄⟩ + |33̄⟩ + |1̄1⟩ + |2̄2⟩ + |3̄3⟩. (1)

For later purpose we compactly write the maximally entan-
gled state (1) between sites i1 and i2 as

|E⟩i1,i2 =
∑

α,β∈VA

Eα,β |α⟩i1 |β⟩i2 , (2)

where the nonvanishing entries of Eα,β can be obtained
from (1).

To recover the physical Hilbert space, the four virtual states
at each site are projected back to the physical state by a
projector P̂ , defined by

P̂ =
∑

a∈V

∑

α,β,η,γ∈VA

Pa
α,β,η,γ |a⟩⟨α,β, η, γ |, (3)

where α, β, η, and γ are assigned for the virtual states at left,
right, up, and down positions [see Fig. 1(c)], V is the physical
Hilbert space on each site, and Pa

α,β,η,γ is a tensor to be
specified below. To reproduce the tRVB state, we decompose
the projector P̂ into two parts,

P̂ = P̂1 + P̂2, (4)

where P̂1 identifies one of the virtual states in 3 as the physical
state [the rest three virtual particles are in the trivial represen-
tation; see the upper panel in Fig. 1(d) for an example],

P̂1 =
∑
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∑
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and P̂2 maps two adjacent virtual states in 3̄ into the physical
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of tensor entries in (5) and (6). It is also easy to verify that
both P̂1 and P̂2 belong to the B1 irreducible representation of
the C4v point-group symmetry [33]. Here we would like to
mention that the linear trimer configuration where the three
neighboring sites forming the singlet are on a straight line
is excluded since it does not belong to the B1 irreducible
representation of C4v .

With the PEPS projector and the virtual bonds in hand, the
PEPS for the SU(3) tRVB state is obtained by applying the
product of projectors to the virtual bonds,

|ψ⟩ =
N⊗

i=1

P̂ (i)
⊗

⟨i1,i2⟩
|E⟩i1,i2 , (7)

which is shown in Fig. 1(c). By construction, each trimer
consists of three sites with P̂2 acting on the middle site
and P̂1 acting on the two end sites. Only the configurations
of trimer coverings in which each site belongs to one and
only one trimer have nonzero weight in |ψ⟩, and all trimer
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Conclusions

• Designed an exact AKLT-like ground state with a simple 
parent Hamiltonian.


• For special cases, a macroscopically large number of states 
become degenerate.


• Gauss law, states characterized by topological (?) quantum 
numbers (sectors)


• Point separating different phases


• many open questions: Coulomb phase, fractional 
excitations, origin of non-singlet states,…



