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Important physics of early-type stars

Dominic Bowman

Large uncertainties in rotation and mixing propagate 
from main-sequence into post-main sequence and 
have drastic consequences!
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relative precisions of 1% to 5% for the best cases; see Table 1
given by Aerts, Mathis, and Rogers (2019).
A new view on stellar variability in the HRD is offered by

data from the European Space Agency (ESA) Gaia satellite
(Eyer et al., 2019). Using 22 months of calibrated photo-
metric, spectrophotometric, and astrometric Gaia data, this
study showed how the large-amplitude radial modes of
classical variables, such as Cepheids, RR Lyrae stars, and
Miras (indicated in Fig. 1), makes them “move” in the
observational analog of the HRD, i.e., a color-absolute

magnitude diagram, during their pulsation cycle. This
introduces a new “time” dimension in the evaluation of
stellar evolution theory. These radial pulsators remain of vast
interest and importance for observational cosmology
(Soszyński et al., 2016; Anderson and Riess, 2018) but
are not considered in this review. Our attention is directed
entirely to stars exhibiting multiple nonradial oscillations,
which in the context of asteroseismology deserve to be
called “good vibrations” after the eponymous 1966 song by
the Beach Boys.

FIG. 1. Hertzsprung-Russel diagram (HRD) showing the position of different classes of pulsating stars. The abbreviation of the classes
follows the nomenclature used by Aerts, Christensen-Dalsgaard, and Kurtz (2010) in Chap. 2, to which we refer for extensive
discussions of all indicated classes in terms of the excitation mechanisms, along with the typical periods and amplitudes of the
oscillations. The hatching line style used in each of the ellipses marks the dominant type of oscillation mode in each class: == for gravity
modes and nn for pressure modes. The recently discovered stochastic low-frequency (SLF) variability in O-type stars and blue
supergiants is discussed in the text and has been added as a compararison with previous versions of this plot. The solid black lines and
the black dotted line represent standard evolutionary model tracks, with birth masses and evolutionary timescales as indicated. The
borders of the classical instability strip are plotted with gray lines, while the double line represents the zero-age main sequence (ZAMS).
Early versions of this figure were made by Jørgen Christensen-Dalsgaard (Aarhus University) and Pieter Degroote (KU Leuven).
Adapted from Pápics, 2013.

C. Aerts: Probing the interior physics of stars …

Rev. Mod. Phys., Vol. 93, No. 1, January–March 2021 015001-3

Image credit: 
P. I. Pápics
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Pulsating early-type stars

SLF: Stochastic low-frequency variability 
• Broad period range between minutes and several days 
• Seemingly near-ubiquitous in OB stars 

β Cephei stars:  
• Periods of order several hours 
• low radial order coherent p and g modes 

• Masses above ~8 M̥

Slowly Pulsating B stars:
• Periods of order days 
• high radial order g modes 

• Masses between 3 and 9 M̥
Image credit: P. Degroote
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1.4 3-D Oscillations in Stars 19

Fig. 1.7. Propagation of rays of sound or gravity waves in a cross-section of a Sun-
like star. The acoustic ray paths (panel a) are bend by the increase in sound speed
with depth until they reach the inner turning point (indicated by the dotted circles)
where they undergo total internal refraction. At the surface the acoustic waves are
reflected by the rapid decrease in density. Shown are rays corresponding to modes of
frequency 3000 µHz and degrees (in order of increasing penetration depth) l = 75, 25,
20 and 2; the line passing through the centre schematically illustrates the behaviour
of a radial mode. The g-mode ray path (panel b) corresponds to a mode of frequency
190 µHz and degree 5 and is trapped in the interior. In this example, it does not
propagate in the convective outer part. As we shall see in Chapter 2, g modes are
observed at the surface of other types of pulsators. This figure illustrates that the
g modes are sensitive to the conditions in the very core of the star, an important
property. From Cunha et al. (2007).

but the frequencies of the g modes decrease, as is shown in Fig. 1.6; 2) the
p modes are most sensitive to conditions in the outer part of the star, whereas
g modes are most sensitive to conditions in the deep interior of the star,11 as
is shown in Fig. 1.7; 3) for n ≫ l there is an asymptotic relation for p modes
saying that they are approximately equally spaced in frequency, and there is
another asymptotic relation for g modes pointing out that they are approxi-
mately equally spaced in period.

As illustrated in Fig. 1.7, g modes in solar-like stars are trapped beneath
the convective envelope, when viewed as rays. In reality the modes have finite
amplitudes also in the outer parts of the star and hence, at least in principle,
can be observed on the surface; this is in fact the case in the γDor stars
which have convective envelopes. In more massive main-sequence stars, such
as illustrated in Fig. 1.8, the g-mode rays are confined outside the convective
core.

11 except in white dwarfs where the g modes are sensitive mainly to conditions in
the stellar envelope; see Section 3.4.2.

1.43-DOscillationsinStars19

Fig.1.7.Propagationofraysofsoundorgravitywavesinacross-sectionofaSun-
likestar.Theacousticraypaths(panela)arebendbytheincreaseinsoundspeed
withdepthuntiltheyreachtheinnerturningpoint(indicatedbythedottedcircles)
wheretheyundergototalinternalrefraction.Atthesurfacetheacousticwavesare
reflectedbytherapiddecreaseindensity.Shownarerayscorrespondingtomodesof
frequency3000µHzanddegrees(inorderofincreasingpenetrationdepth)l=75,25,
20and2;thelinepassingthroughthecentreschematicallyillustratesthebehaviour
ofaradialmode.Theg-moderaypath(panelb)correspondstoamodeoffrequency
190µHzanddegree5andistrappedintheinterior.Inthisexample,itdoesnot
propagateintheconvectiveouterpart.AsweshallseeinChapter2,gmodesare
observedatthesurfaceofothertypesofpulsators.Thisfigureillustratesthatthe
gmodesaresensitivetotheconditionsintheverycoreofthestar,animportant
property.FromCunhaetal.(2007).

butthefrequenciesofthegmodesdecrease,asisshowninFig.1.6;2)the
pmodesaremostsensitivetoconditionsintheouterpartofthestar,whereas
gmodesaremostsensitivetoconditionsinthedeepinteriorofthestar,11as
isshowninFig.1.7;3)forn≫lthereisanasymptoticrelationforpmodes
sayingthattheyareapproximatelyequallyspacedinfrequency,andthereis
anotherasymptoticrelationforgmodespointingoutthattheyareapproxi-
matelyequallyspacedinperiod.

AsillustratedinFig.1.7,gmodesinsolar-likestarsaretrappedbeneath
theconvectiveenvelope,whenviewedasrays.Inrealitythemodeshavefinite
amplitudesalsointheouterpartsofthestarandhence,atleastinprinciple,
canbeobservedonthesurface;thisisinfactthecaseintheγDorstars
whichhaveconvectiveenvelopes.Inmoremassivemain-sequencestars,such
asillustratedinFig.1.8,theg-moderaysareconfinedoutsidetheconvective
core.

11
exceptinwhitedwarfswherethegmodesaresensitivemainlytoconditionsin
thestellarenvelope;seeSection3.4.2.

Pressure (p) modes:
• n > 0 
• high frequency 
• probe near-surface 
• radial and non-radial 
• equally spaced in frequency

Gravity (g) modes:
• n < 0 
• low frequency 
• probe near-core 
• non-radial 
• equally-spaced in period

R. Townsend R. Townsend

!=2
!=1

!=1
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Asteroseismology: pressure modes
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1.43-DOscillationsinStars19

Fig.1.7.Propagationofraysofsoundorgravitywavesinacross-sectionofaSun-
likestar.Theacousticraypaths(panela)arebendbytheincreaseinsoundspeed
withdepthuntiltheyreachtheinnerturningpoint(indicatedbythedottedcircles)
wheretheyundergototalinternalrefraction.Atthesurfacetheacousticwavesare
reflectedbytherapiddecreaseindensity.Shownarerayscorrespondingtomodesof
frequency3000µHzanddegrees(inorderofincreasingpenetrationdepth)l=75,25,
20and2;thelinepassingthroughthecentreschematicallyillustratesthebehaviour
ofaradialmode.Theg-moderaypath(panelb)correspondstoamodeoffrequency
190µHzanddegree5andistrappedintheinterior.Inthisexample,itdoesnot
propagateintheconvectiveouterpart.AsweshallseeinChapter2,gmodesare
observedatthesurfaceofothertypesofpulsators.Thisfigureillustratesthatthe
gmodesaresensitivetotheconditionsintheverycoreofthestar,animportant
property.FromCunhaetal.(2007).

butthefrequenciesofthegmodesdecrease,asisshowninFig.1.6;2)the
pmodesaremostsensitivetoconditionsintheouterpartofthestar,whereas
gmodesaremostsensitivetoconditionsinthedeepinteriorofthestar,11as
isshowninFig.1.7;3)forn≫lthereisanasymptoticrelationforpmodes
sayingthattheyareapproximatelyequallyspacedinfrequency,andthereis
anotherasymptoticrelationforgmodespointingoutthattheyareapproxi-
matelyequallyspacedinperiod.

AsillustratedinFig.1.7,gmodesinsolar-likestarsaretrappedbeneath
theconvectiveenvelope,whenviewedasrays.Inrealitythemodeshavefinite
amplitudesalsointheouterpartsofthestarandhence,atleastinprinciple,
canbeobservedonthesurface;thisisinfactthecaseintheγDorstars
whichhaveconvectiveenvelopes.Inmoremassivemain-sequencestars,such
asillustratedinFig.1.8,theg-moderaysareconfinedoutsidetheconvective
core.

11
exceptinwhitedwarfswherethegmodesaresensitivemainlytoconditionsin
thestellarenvelope;seeSection3.4.2.

Pressure (p) modes:
• n > 0 
• high frequency 
• probe near-surface 
• radial and non-radial 
• equally spaced in frequency

R. Townsend

Non-radial pressure modes probe the envelope physics: 
• rotation rate from near-core to near-surface 
• first-order caveat: applicable to slow rotators (<15% critical breakup)

e.g. Kurtz et al. (2014, MNRAS 444) for AF stars  
e.g. Aerts et al. (2003, Science 300) for early-B stars

first-order Ledoux splitting:
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Asteroseismology: gravity modes
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1.4 3-D Oscillations in Stars 19

Fig. 1.7. Propagation of rays of sound or gravity waves in a cross-section of a Sun-
like star. The acoustic ray paths (panel a) are bend by the increase in sound speed
with depth until they reach the inner turning point (indicated by the dotted circles)
where they undergo total internal refraction. At the surface the acoustic waves are
reflected by the rapid decrease in density. Shown are rays corresponding to modes of
frequency 3000 µHz and degrees (in order of increasing penetration depth) l = 75, 25,
20 and 2; the line passing through the centre schematically illustrates the behaviour
of a radial mode. The g-mode ray path (panel b) corresponds to a mode of frequency
190 µHz and degree 5 and is trapped in the interior. In this example, it does not
propagate in the convective outer part. As we shall see in Chapter 2, g modes are
observed at the surface of other types of pulsators. This figure illustrates that the
g modes are sensitive to the conditions in the very core of the star, an important
property. From Cunha et al. (2007).

but the frequencies of the g modes decrease, as is shown in Fig. 1.6; 2) the
p modes are most sensitive to conditions in the outer part of the star, whereas
g modes are most sensitive to conditions in the deep interior of the star,11 as
is shown in Fig. 1.7; 3) for n ≫ l there is an asymptotic relation for p modes
saying that they are approximately equally spaced in frequency, and there is
another asymptotic relation for g modes pointing out that they are approxi-
mately equally spaced in period.

As illustrated in Fig. 1.7, g modes in solar-like stars are trapped beneath
the convective envelope, when viewed as rays. In reality the modes have finite
amplitudes also in the outer parts of the star and hence, at least in principle,
can be observed on the surface; this is in fact the case in the γDor stars
which have convective envelopes. In more massive main-sequence stars, such
as illustrated in Fig. 1.8, the g-mode rays are confined outside the convective
core.

11 except in white dwarfs where the g modes are sensitive mainly to conditions in
the stellar envelope; see Section 3.4.2.

Gravity (g) modes:
• n < 0 
• low frequency 
• probe near-core 
• non-radial 
• equally-spaced in period

R. Townsend

Van Reeth et al. (2015, ApJS 218)

Prograde dipole gravity modes most common geometry in observations: 
• rotation and chemical mixing in near-core region 
• Traditional Approximation for Rotation (TAR) up to ~80% critical breakup

Bowman Asteroseismology of High-Mass Stars

a p mode in the envelope and the character of a g mode in the
deep interior (Aerts et al., 2010). The regularities of asymptotic
p modes in the amplitude spectra of low- and intermediate-
mass stars has greatly simplified the issue of mode identification
and facilitated asteroseismology for low-mass stars (see e.g.,
Chaplin and Miglio, 2013; Hekker and Christensen-Dalsgaard,
2017; García and Ballot, 2019), but are rarely observed in massive
stars (see e.g., Belkacem et al., 2010; Degroote et al., 2010b). Such
high-radial order p modes are generally not expected for massive
stars owing to the excitation physics of the κ-mechanism being
inefficient in driving such modes in massive stars (Dziembowski
and Pamyatnykh, 1993; Dziembowski et al., 1993; Gautschy and
Saio, 1993; Pamyatnykh, 1999; Miglio et al., 2007).

In the presence of rotation the frequency degeneracy of non-
radial pulsation modes with respect to m is lifted, which serves
as a unique method of mode identification in certain pulsating
stars. The simplest case is for stars that rotate (very) slowly and
rigidly, i.e., with a uniform interior rotation angular frequency
"—such that the splitting of non-radial pulsation frequency,
ωnℓm, is given by

ωnℓm = ωnℓ +m (1− Cnℓ) ", (1)

where Cnℓ is the Ledoux constant which sets the size of the
splitting due to the Coriolis force. In this idealized example,
the result of Equation (1) produces a multiplet of pulsation
frequencies separated by the stellar rotation frequency in the
amplitude spectrum for p modes of high radial order or high-
angular degree since Cnℓ ≃ 0 in such cases (Aerts et al.,
2010). An example of rotationally-split quadrupole p modes is
shown in Figure 1, using the example of KIC 11145123 originally
discovered by Kurtz et al. (2014). The amplitude spectrum of
the resultant quintuplet split by rotation shown in Figure 1 uses
both 1 and 4-years light curves to emphasize the significant
improvement in the resolving power of longer light curves
for asteroseismic studies of rotation. Therefore, if the rotation
rate is sufficiently slow, p-mode multiplets serve as a means of
determining the interior rotation rates of stellar envelopes using
an almost model-independent methodology.

Beyond the first-order perturbative approach for including the
Coriolis force in slow and rigid rotators given in Equation (1),
second- and third-order perturbative formalisms have been
discussed by, for example, Dziembowski and Goode (1992),
Daszyńska-Daszkiewicz et al. (2002), and Suárez et al. (2010). As
described by Suárez et al. (2010), it is important to note that the
first-order perturbative treatment of the Coriolis force applied to
p modes is only applicable for stars with rotation velocities below
∼15% of their critical breakup velocity, with faster rotating stars
requiring more complex formalisms.

2.2. Gravity Modes
Gravity (g) modes are standing waves for which buoyancy (i.e.,
gravity) acts as a restoring force (Aerts et al., 2010). Typically,
g modes have low frequencies, can only be non-radial and are
mostly sensitive to the deep interiors of massive stars near their
convective cores. In the asymptotic regime, g modes are equally
spaced in period (Tassoul, 1980), and exhibit a characteristic

FIGURE 1 | Example of rotational splitting of quadrupole p modes into a

quintuplet using both 1 and 4-years light curves of the star KIC 11145123

(Kurtz et al., 2014). Horizontal red lines correspond to the rotational splitting

value of the modes.

period %0. In the case of a non-rotating and chemically-
homogeneous star, %0 can be calculated from the individual
g-mode periods, Pn,ℓ, given by

Pnℓ =
%0√

ℓ (ℓ + 1)
(|n| + α) , (2)

in which α is a phase term independent of the mode degree, ℓ,
and

%0 = 2π2
!

" r2

r1

N(r)
dr
r

#−1

, (3)

where r1 and r2 are the inner and outer boundaries of the g-mode
pulsation cavity, and N(r) is its Brunt-Väisälä frequency. Thus,
Equation (2) defines a constant spacing in period for g modes
of the same angular degree, ℓ, and consecutive radial order, n.
Equation (3) demonstrates that the characteristic period, %0, is
largely determined by the Brunt-Väisälä frequency, N(r), which
has a strong dependence on the mass of the convective core, and
hence the mass and age of a star (Miglio et al., 2008a).

2.2.1. Interior Rotation
Since all massive stars rotate to some extent, the Coriolis force
is also a dominant restoring force for g modes. Therefore, it
is more appropriate to describe massive stars having gravito-
inertial modes, for which both the Coriolis force and buoyancy
are important. This is particularly true for pulsation modes with
frequencies in the co-rotating frame below twice the rotation
frequency (see Aerts et al., 2019a). As discussed in detail by
Bouabid et al. (2013), the period spacing increases with period
in the co-rotating frame for prograde modes, and decreases
in the inertial frame. This is because in the co-rotating frame
the effective ℓ(ℓ + 1) (cf. Equation 2) for prograde sectoral

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 4 October 2020 | Volume 7 | Article 578584
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a p mode in the envelope and the character of a g mode in the
deep interior (Aerts et al., 2010). The regularities of asymptotic
p modes in the amplitude spectra of low- and intermediate-
mass stars has greatly simplified the issue of mode identification
and facilitated asteroseismology for low-mass stars (see e.g.,
Chaplin and Miglio, 2013; Hekker and Christensen-Dalsgaard,
2017; García and Ballot, 2019), but are rarely observed in massive
stars (see e.g., Belkacem et al., 2010; Degroote et al., 2010b). Such
high-radial order p modes are generally not expected for massive
stars owing to the excitation physics of the κ-mechanism being
inefficient in driving such modes in massive stars (Dziembowski
and Pamyatnykh, 1993; Dziembowski et al., 1993; Gautschy and
Saio, 1993; Pamyatnykh, 1999; Miglio et al., 2007).

In the presence of rotation the frequency degeneracy of non-
radial pulsation modes with respect to m is lifted, which serves
as a unique method of mode identification in certain pulsating
stars. The simplest case is for stars that rotate (very) slowly and
rigidly, i.e., with a uniform interior rotation angular frequency
"—such that the splitting of non-radial pulsation frequency,
ωnℓm, is given by

ωnℓm = ωnℓ +m (1− Cnℓ) ", (1)

where Cnℓ is the Ledoux constant which sets the size of the
splitting due to the Coriolis force. In this idealized example,
the result of Equation (1) produces a multiplet of pulsation
frequencies separated by the stellar rotation frequency in the
amplitude spectrum for p modes of high radial order or high-
angular degree since Cnℓ ≃ 0 in such cases (Aerts et al.,
2010). An example of rotationally-split quadrupole p modes is
shown in Figure 1, using the example of KIC 11145123 originally
discovered by Kurtz et al. (2014). The amplitude spectrum of
the resultant quintuplet split by rotation shown in Figure 1 uses
both 1 and 4-years light curves to emphasize the significant
improvement in the resolving power of longer light curves
for asteroseismic studies of rotation. Therefore, if the rotation
rate is sufficiently slow, p-mode multiplets serve as a means of
determining the interior rotation rates of stellar envelopes using
an almost model-independent methodology.

Beyond the first-order perturbative approach for including the
Coriolis force in slow and rigid rotators given in Equation (1),
second- and third-order perturbative formalisms have been
discussed by, for example, Dziembowski and Goode (1992),
Daszyńska-Daszkiewicz et al. (2002), and Suárez et al. (2010). As
described by Suárez et al. (2010), it is important to note that the
first-order perturbative treatment of the Coriolis force applied to
p modes is only applicable for stars with rotation velocities below
∼15% of their critical breakup velocity, with faster rotating stars
requiring more complex formalisms.

2.2. Gravity Modes
Gravity (g) modes are standing waves for which buoyancy (i.e.,
gravity) acts as a restoring force (Aerts et al., 2010). Typically,
g modes have low frequencies, can only be non-radial and are
mostly sensitive to the deep interiors of massive stars near their
convective cores. In the asymptotic regime, g modes are equally
spaced in period (Tassoul, 1980), and exhibit a characteristic

FIGURE 1 | Example of rotational splitting of quadrupole p modes into a

quintuplet using both 1 and 4-years light curves of the star KIC 11145123

(Kurtz et al., 2014). Horizontal red lines correspond to the rotational splitting

value of the modes.

period %0. In the case of a non-rotating and chemically-
homogeneous star, %0 can be calculated from the individual
g-mode periods, Pn,ℓ, given by

Pnℓ =
%0√

ℓ (ℓ + 1)
(|n| + α) , (2)

in which α is a phase term independent of the mode degree, ℓ,
and
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where r1 and r2 are the inner and outer boundaries of the g-mode
pulsation cavity, and N(r) is its Brunt-Väisälä frequency. Thus,
Equation (2) defines a constant spacing in period for g modes
of the same angular degree, ℓ, and consecutive radial order, n.
Equation (3) demonstrates that the characteristic period, %0, is
largely determined by the Brunt-Väisälä frequency, N(r), which
has a strong dependence on the mass of the convective core, and
hence the mass and age of a star (Miglio et al., 2008a).

2.2.1. Interior Rotation
Since all massive stars rotate to some extent, the Coriolis force
is also a dominant restoring force for g modes. Therefore, it
is more appropriate to describe massive stars having gravito-
inertial modes, for which both the Coriolis force and buoyancy
are important. This is particularly true for pulsation modes with
frequencies in the co-rotating frame below twice the rotation
frequency (see Aerts et al., 2019a). As discussed in detail by
Bouabid et al. (2013), the period spacing increases with period
in the co-rotating frame for prograde modes, and decreases
in the inertial frame. This is because in the co-rotating frame
the effective ℓ(ℓ + 1) (cf. Equation 2) for prograde sectoral
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Figure 1.5: Left: Part of a 1.6 M§ evolution track, with X = 0.71, Z = 0.014,
step core overshoot –ov = 0.3 and di�usive mixing Dmix = 1 cm2 s≠1. Right:
Period spacing patterns computed for dipole modes of the marked models on
the evolution track in the left plot. For each the hydrogen content of the core
(Xc) is provided.

present in the period spacing pattern depending on the level of e�ciency of the
mixing.

Bouabid et al. (2013) further extended the work of Miglio et al. (2008), and
studied the influence of both mixing processes and rotation. The results that
the authors obtained for the mixing processes, converge to those found by Miglio
et al. (2008) when rotation is ignored. The influence of rotation was found to
vary from mode to mode. The period spacings of prograde modes, which travel
in the direction of rotation, exhibit a downward slope in the period spacing
pattern for a rotating star, because of the positive rotational frequency shift
added to the oscillation frequencies in an inertial frame. The same e�ect is
observed for zonal modes, though it is not as strong as for prograde modes.
Retrograde modes, which travel in the opposite direction of rotation, have an
upward slope. These e�ects are illustrated in Figure 1.6 for the dipole g-mode
pulsations of the same model shown in Figure 1.5 at Xc = 0.5. Extra mixing
was taken into account by increasing the di�usive mixing to Dmix = 100 cm2 s≠1,
while the frequency shifts resulting from rotation were computed using the
traditional approximation (TA) of pulsations implemented in GYRE v4.3. The
influence of TA will be discussed further later in this Section, while the GYRE
code is discussed in more detail in Section 1.2.3.

(b)

(a)

(c)

Figure 1.5: Left: Part of a 1.6 M§ evolution track, with X = 0.71, Z = 0.014,
step core overshoot –ov = 0.3 and di�usive mixing Dmix = 1 cm2 s≠1. Right:
Period spacing patterns computed for dipole modes of the marked models on
the evolution track in the left plot. For each the hydrogen content of the core
(Xc) is provided.

present in the period spacing pattern depending on the level of e�ciency of the
mixing.

Bouabid et al. (2013) further extended the work of Miglio et al. (2008), and
studied the influence of both mixing processes and rotation. The results that
the authors obtained for the mixing processes, converge to those found by Miglio
et al. (2008) when rotation is ignored. The influence of rotation was found to
vary from mode to mode. The period spacings of prograde modes, which travel
in the direction of rotation, exhibit a downward slope in the period spacing
pattern for a rotating star, because of the positive rotational frequency shift
added to the oscillation frequencies in an inertial frame. The same e�ect is
observed for zonal modes, though it is not as strong as for prograde modes.
Retrograde modes, which travel in the opposite direction of rotation, have an
upward slope. These e�ects are illustrated in Figure 1.6 for the dipole g-mode
pulsations of the same model shown in Figure 1.5 at Xc = 0.5. Extra mixing
was taken into account by increasing the di�usive mixing to Dmix = 100 cm2 s≠1,
while the frequency shifts resulting from rotation were computed using the
traditional approximation (TA) of pulsations implemented in GYRE v4.3. The
influence of TA will be discussed further later in this Section, while the GYRE
code is discussed in more detail in Section 1.2.3.

(a) Xc = 0.7

(b) Xc = 0.5

(c) Xc = 0.2
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Fig. 1.7. Propagation of rays of sound or gravity waves in a cross-section of a Sun-
like star. The acoustic ray paths (panel a) are bend by the increase in sound speed
with depth until they reach the inner turning point (indicated by the dotted circles)
where they undergo total internal refraction. At the surface the acoustic waves are
reflected by the rapid decrease in density. Shown are rays corresponding to modes of
frequency 3000 µHz and degrees (in order of increasing penetration depth) l = 75, 25,
20 and 2; the line passing through the centre schematically illustrates the behaviour
of a radial mode. The g-mode ray path (panel b) corresponds to a mode of frequency
190 µHz and degree 5 and is trapped in the interior. In this example, it does not
propagate in the convective outer part. As we shall see in Chapter 2, g modes are
observed at the surface of other types of pulsators. This figure illustrates that the
g modes are sensitive to the conditions in the very core of the star, an important
property. From Cunha et al. (2007).

but the frequencies of the g modes decrease, as is shown in Fig. 1.6; 2) the
p modes are most sensitive to conditions in the outer part of the star, whereas
g modes are most sensitive to conditions in the deep interior of the star,11 as
is shown in Fig. 1.7; 3) for n ≫ l there is an asymptotic relation for p modes
saying that they are approximately equally spaced in frequency, and there is
another asymptotic relation for g modes pointing out that they are approxi-
mately equally spaced in period.

As illustrated in Fig. 1.7, g modes in solar-like stars are trapped beneath
the convective envelope, when viewed as rays. In reality the modes have finite
amplitudes also in the outer parts of the star and hence, at least in principle,
can be observed on the surface; this is in fact the case in the γDor stars
which have convective envelopes. In more massive main-sequence stars, such
as illustrated in Fig. 1.8, the g-mode rays are confined outside the convective
core.

11 except in white dwarfs where the g modes are sensitive mainly to conditions in
the stellar envelope; see Section 3.4.2.

Gravity (g) modes:
• n < 0 
• low frequency 
• probe near-core 
• non-radial 
• equally-spaced in period

R. Townsend

Bowman (2020, Fron. Ast. Space Sci. 7)

Increased mixing decreases "dips" in g-mode period spacing pattern.
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where

W± =
! R∗

0
max

"
±dW

dr
, 0

#
dr. (24)

As we discuss in Section 3.3, the differential torque in the outer part of the star mirrors the differential work. We can therefore expect the
net torque on the surface layers, where dW/dx > 0, to scale with W+. Both W+ and W− increase towards lower frequencies, due to stronger
Lagrangian pressure and density perturbations that boost the differential work via equation (16), and it therefore follows that the torque on
the surface layers will be larger at lower frequencies, driving these layers to higher velocities as seen in the figure.

The normalized growth rate behaves differently because it scales not with W+ or W− but the (normalized) difference between them;
rewriting equation (21),

η = W+ − W−

W− + W−
. (25)

Thus, although at low frequencies both W+ and W− are large (indicating a significant torque), they are also nearly equal to each other, leading
to growth rates that are close to zero. For instance, the ℓ = 1 g47 mode drives a surface velocity veq, ∗ = 80 km s− 1, close to the maximum for
dipole modes, despite being almost neutrally stable with η = 0.009.

Comparing the two panels of Fig. 6 reveals that the ℓ = m = 2 modes are somewhat more effective at transporting angular momentum
than the ℓ = m = 1 modes. This is simply a consequence of the factor m in the expression (9) for the differential torque, that itself comes
from the azimuthal derivatives in equations (1) and (7). The dependence of veq, ∗ on m is slower than linear, but this is unsurprising given the
sub-linear variation with ε already discussed in Section 3.4.3.

4 A N G U L A R M O M E N T U M TR A N S P O RT AC RO S S T H E SP B S T R I P

We now expand the scope of our simulations to encompass the SPB stars as an entire class. We use MESASTAR to construct 30 evolutionary
tracks in the initial mass range 2.4M⊙ ≤ M ≤ 9.0 M⊙, with each track extending from the pre-main sequence to beyond the terminal-
age main sequence. Abundances and other details are the same as for the 4.21M⊙ model considered in Section 3.1. At around 11 points
along each evolutionary track, regularly spaced between the ZAMS and the red edge of the main sequence (REMS), we pass the stellar
model to GYRE, which evaluates the model’s eigenfrequencies and eigenfunctions for ℓ = 1 and ℓ = 2 g modes with radial orders up
to ñ ≈ − 100.

Fig. 7 illustrates the location of the 312 models considered in the HR diagram. Each model is plotted as a circle; for those models
that are unstable to one or more ℓ = 1 (left-hand panel) or ℓ = 2 (right-hand panel) g modes, the circle is shaded according to ηmax, the

Figure 7. HRdiagram showing the positions (circles) of the stellar models analysed using GYRE. Filled circles indicate stars in which one or more g-modes,
with harmonic degrees ℓ = 1 (left-hand panel) and ℓ = 2 (right-hand panel), are unstable. The fill colour indicates the maximal value ηmax of the normalized
growth rate for the unstable modes. The bold circle indicates the M = 4.21M⊙ model studied in Section 3. Selected evolutionary tracks are plotted as solid
lines, labelled on the left-hand side by the stellar mass in M⊙, and the ZAMS and red edge of the main sequence (REMS) are plotted as broken lines.
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Figure 1. Displacement eigenfunctions for the ℓ = 1 g30 mode of the 4.21M⊙ model discussed in Section 3, plotted as a function of dimensionless radius
x ≡ r/R∗. The upper panel shows the real and imaginary parts of the radial (ξ̃r ) eigenfunction, and the lower panel shows the real and imaginary parts of the
horizontal (ξ̃h) eigenfunction.

star (x ! 0.7), where the thermal time-scale is short enough for non-adiabatic effects to become important. The highly oscillatory behaviour
of both ξ̃r and ξ̃h in the region 0.09 " x " 0.13 just outside the convective core arises from the steep molecular weight gradient left behind
by the retreating core boundary.

Linear theory does not dictate the normalization of the eigenfunctions plotted in Fig. 1, and in most contexts this issue is of little concern,
as long as the perturbations remain small. However, in order to obtain quantitatively meaningful results from the formalism presented in
Section 2, a physically reasonable normalization must be chosen. As we mention in Section 1, we use observations to constrain this choice.
In their analysis of 31 SPB stars observed by ground-based telescopes, Szewczuk & Daszyńska-Daszkiewicz (2015) identify the modes
responsible for the stars’ ≈ 10 mmag photometric variability, and determine the surface radial amplitudes ε (≡

√
4π|ξ̃r /R∗| at x = 1, in the

present notation) for these modes. Their fig. 7 plots the distribution of these radial amplitudes; from this distribution, we estimate a 50th
percentile amplitude of ε ≈ 0.004. Unless otherwise explicitly noted, we adopt this normalization for all calculations in this paper. In the
particular case of the g30 mode plotted in Fig. 1, the normalization results in the mode having a surface equatorial velocity amplitude of
2.6 km s−1 in the azimuthal direction and 0.16 km s−1 in the radial direction – both much smaller than the photospheric adiabatic sound speed
≈ 16 km s−1.

3.3 Differential torque

Fig. 2 illustrates the differential torque (9) for the prograde3 sectoral (m = ℓ) variant of the ℓ = 1 g30 mode introduced above, together with
the decomposition into steady-state and transient components discussed in Section 2.3. In the outer part of the star (x ! 0.75), the differential
torque is dominated by the steady-state component, which via equation (15) varies as −1/2π times the differential work. Thus, in the iron
bump excitation zone (x ≈ 0.94), where dW/dx > 0, the differential torque is negative; but in the radiative damping zone interior to the iron
bump (0.77 " x " 0.92), where dW/dx < 0, the torque is positive.

Physically, these opposing torques arise because the prograde wave extracts angular momentum from the excitation zone, causing it
to recoil in the retrograde direction; this angular momentum is then deposited in the damping zone, driving it in the prograde direction. In
fact, only around two-thirds of the angular momentum from the excitation zone ends up in the damping zone; the remaining one-third is
distributed throughout the inner envelope (0.1 " x " 0.75) by the action of the transient component dτ/dr|tr of the differential torque. This
component is associated with the phenomenon of wave transience (e.g. Dunkerton 1981), and arises due to the fact that particle motions are
not strictly periodic when σ I ̸= 0. In a real star pulsating at a steady, finite amplitude, this component vanishes, replaced by the differential
torque associated with the non-linear damping that prevents further mode growth. We cannot model this damping with linear theory (although
see Gastine & Dintrans 2008a,b, for recent progress in non-linear modelling), and so caution must be exercised in interpreting the distribution
of angular momentum deposition in the inner envelope.

3 Since we are referring to a non-rotating star, ‘prograde’ in this context simply means in the direction of increasing azimuth φ.
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Figure 2. The differential torque exerted by the ℓ = m = 1 g30 mode of the 4.21M⊙ model discussed in Section 3, plotted as a function of dimensionless
radius x ≡ r/R∗. The steady-state and transient contributions towards the torque are also plotted.

3.4 Transport simulations

3.4.1 Base simulations

We now explore how the torque plotted in Fig. 2 will drive the 4.21M⊙ model away from its initially non-rotating state. With rotation enabled
via the new_rotation_flag and change_rotation_flag controls, we use MESASTAR to simulate 103 additional years of the star’s
evolution. During this evolution, the angular velocity profile4 changes under the combined effects of the steady differential torque produced
by the ℓ = m = 1 g30 mode (incorporated using MESASTAR’s other_torque hook) and the time-dependent diffusive angular momentum
transport described by equation B4 of Paxton et al. (2013). In the latter, the effective diffusion coefficient combines contributions from
convection, overshooting, Eddington–Sweet circulation,5 rotationally induced instabilities, and magnetic stresses from the fields generated
by the Tayler–Spruit (TS) dynamo (see section 6 of Paxton et al. 2013). The efficacy of the TS dynamo remains a topic of ongoing debate
(see, e.g. Spruit 2002; Denissenkov & Pinsonneault 2007; Zahn, Brun & Mathis 2007), and we therefore perform two simulations: for our
‘magnetic’ simulation, the dynamo is enabled in MESASTAR, and for the ‘non-magnetic’ one, it is turned off.

Fig. 3 plots the resulting angular velocity profiles "(r) at selected times t after the simulation start, in units of the Roche critical angular
velocity "crit = (8GM∗/27R3

∗)1/2 (for the parameters given in Table 1, "crit = 7.6 × 10−5 rad s−1). After 1 yr, the angular velocity profiles in
both non-magnetic (left-hand panel) and magnetic (right-hand panel) cases look similar: The star is spun in the retrograde (" < 0) direction
in the excitation zone at x ≈ 0.94 and in the prograde direction in the damping zone interior to this. By t = 10 yr, however, the angular
velocities in the outer parts of the star (x ! 0.5) begin to diverge.

In the non-magnetic simulation, the g30 mode quickly establishes a retrograde surface layer, reaching |"| ≈ 0.3 "crit at the t = 103 yr mark.
This surface layer is separated from the prograde stellar interior by a shear layer extending downwards from the base of the excitation zone.
Towards later times, this shear layer propagates inwards into the star, but the angular velocity gradient within the layer remains approximately
constant (compare, e.g. the t = 102 and 103 yr curves), due to a dynamical balance struck between angular momentum transport by the mode
(which tries to steepen the shear) and diffusive transport (which tries to flatten it). In the magnetic simulation, the behaviour seen at later
times is quite different. The field stresses greatly boost the efficiency of diffusive angular momentum transport, and the g30 mode is unable
to establish and maintain an appreciable shear layer near the surface. Retrograde surface rotation still arises, but it never becomes significant
– even after 103 yr, |"| is only "1 per cent of the critical rate.

3.4.2 Comparison against Diffusive Transport

The rotation profile established by the g30 mode in the non-magnetic wave-transport simulation (Fig. 3, left-hand panel) is unlike the profiles
typically encountered when diffusive angular momentum transport processes act alone. To illustrate this, we use MESASTAR to evolve a
4.21M⊙ model with the inclusion of diffusive transport but without any wave transport, from an initial state of uniform rotation at the
zero-age main sequence (ZAMS) until the effective temperature drops to 13 300 K (cf. Table 1). Fig. 4 compares the equatorial rotation

4 As with most other modern stellar evolution codes that incorporate rotation (e.g. Meynet & Maeder 1997; Heger, Langer & Woosley 2000), MESASTAR adopts
the ansatz by Zahn (1992) that strong horizontal turbulence due to the stable stratification in radiative regions maintains a ‘shellular’ rotation profile, with the
angular velocity " ≡ vφ/rsin θ depending only on r.
5 Although Eddington–Sweet circulation is generally considered to be a large-scale advective process (e.g. Zahn 1992), MESASTAR treats it diffusively, following
the approach described by Heger et al. (2000).
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coverage of the SPB instability region.
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Figure 11. HR diagram showing the 34 SPB stars in the SPB instability strip. Binaries are marked by dark triangles. The instability
strip by Moravveji (2016) assumes a metallicity of Z = 0.014, the metal mixture of Asplund et al. (2009), an exponential convective core
overshooting of fov = 0.02, and an 75% increase in the nickle and iron opacities. The coloured region shows the sum of the number n of
excited dipole (` = 1) and quadruple (` = 2) gravity modes. The top and bottom dot-dashed lines indicates the position of the zero-age
and terminal-age main-sequence, while the black dashed line shows the cool edge of the � Cep instability strip for radial (` = 0) pressure
modes. Five example evolutionary tracks are shown in grey and labeled according to their initial mass.

Figure 12. Fitted spectral energy distribution of KIC 9020774
compared to the measured photometry in the Gaia, SDSS,
2MASS and WISE passbands. An infrared excess is seen in the
WISE photometry.
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(a) Near-core region with radiative temperature gradient

(b) Near-core region with temperature gradient according to Péclet number

Fig. 1: Top panels show the temperature gradients. Middle panels show the structure (solid) and composition (dashed) components
of the Brunt-Väisälä profile, as well as the shape of the mixing profiles, divided in convective core (grey), near-core mixing (blue)
and di↵usive mixing in the outer radiative envelope (green). Bottom panels show the mode inertia of two g-modes with di↵erent
radial orders. Both panels show a 3 M� star halfway through the main sequence with a central hydrogen content Xc = 0.4.
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Appendix A: MESA and GYRE Inlists

Example MESA and GYRE inlists used for this work are avail-
able from the MESA Inlists section of the MESA Marketplace:
cococubed.asu.edu/mesa_market/inlists.html.

Appendix B: Reduced �2 as merit function

Appendix B.1: Model selection criterion

The most commonly used merit function to assess the goodness
of fit in forward asteroseismic modelling of SPB pulsators is a
�2, which is based on an Euclidian distance. Denoting a set of
uncorrelated observables as YObs with errors according to a nor-
mal distribution with variance �2

YObs , and the set of correspond-
ing values predicted by a theoretical model as YTheo, we write
the reduced �2 score as

�2
red =

1
N � k

NX

i

0
BBBBB@

YTheo
i
� YObs

i

�YObs
i

1
CCCCCA

2

(B.1)

where N is the number of observables and k is the number of
free parameters. In general, our MD formulation used in the
main part of the paper can be connected to the �2

red merit func-
tion by ignoring uncertainties on the theoretical predictions of
the observables and by ignoring correlations among the observ-
ables. Ignoring theoretical uncertainties comes down to ignoring
the covariance structures shown in Appendix D. We provide the
�2

red results here to assess the di↵erences in the solutions to the
regression problem by making these simplifications, following
the earlier assessment of theoretical uncertainties in Aerts et al.
(2018). The modelling procedures applied to the g-mode fre-
quencies of rotating SPB stars in the literature so far consider the
mode frequencies as independent observables (Moravveji et al.
2016; Szewczuk & Daszyńska-Daszkiewicz 2018), such that us-
ing a �2

red is meaningful. Nevertheless, we show the results ob-
tained by using this simplified merit function for both the case of
mode periods and of mode period spacings, where the latter in
principle demands using a formalism suitable for correlated data
such as the MD. This allows the reader to assess the impact in-
duced by adopting a simplified �2

red for applications to correlated
data, while also ignoring theoretical uncertainties.

Using �2
red as the merit function, the AICc reduces to

AICc = �2
red +

2kN

N � k � 1
. (B.2)

Appendix B.2: Observables to fit

When considering �2 as the merit function, there is no variance-
covariance matrix whose numerical stability needs to be taken
into account through condition numbers. We simply compare the
use of di↵erent sets of observables and look at the correlation
plots and modelling results to assess their use.

The correlation plots show a better constrained region with
optimal solutions when selecting the period spacings as observ-
ables instead of the periods themselves. This can be seen com-
paring Figs. B.1 and B.2 for the radiative grid, or Figs. B.3
and B.4 for the Péclet grid.

Apart from the correlation structure, the actual �2 values
themselves are also lower when fitting period spacings. This is
no surprise since the mode periods have much smaller relative
errors, of order 0.003% or even smaller in case of KIC 7760680

Fig. B.1: Correlation plot for the radiative grid, using periods in
a �2 merit function. The theoretical pulsation pattern was con-
structed according to the longest sequence method. The 50%
best models are shown, colour coded according to the log of
their merit function value. The figures on the diagonal show
binned parameter distributions, and in the top right shows an
Hertzsprung–Russell diagram with the 1 and 3 � spectroscopic
Te↵ and astrometric luminosity error boxes.

Fig. B.2: Correlation plot (see Fig. B.1) for the radiative grid,
using period spacings in a �2 merit function. The theoretical pul-
sation pattern was constructed according to the longest sequence
method.

(Pápics et al. 2015), than the propagated errors on �P, which are
about 10 to 20 times larger.

Appendix B.3: Theoretical mode period pattern construction

Although the di↵erent methods to construct the theoretical fre-
quency pattern can influence the distribution of the �2 values
(Fig. B.5), the best model in the grid and its �2

red value remain
identical when considering the full grids of models (Table C.5).
The optimal solution does slightly change for some of the nested
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Fig. 2: Correlation plot for the radiative grid, using periods in
a Mahalanobis Distance merit function. The theoretical pulsa-
tion pattern was constructed according to the longest sequence
method. The 50% best models are shown, colour coded accord-
ing to the log of their merit function value. The figures on the di-
agonal show binned parameter distributions, and in the top right
shows an Hertzsprung–Russell diagram with the 1 and 3 � spec-
troscopic Te↵ and astrometric luminosity error boxes.

Fig. 3: Correlation plot (see Fig. 2) for the radiative grid, us-
ing period spacings in a Mahalanobis Distance merit function.
The theoretical pulsation pattern was constructed according to
the longest sequence method.

best model does change based on the way the theoretical pattern
is constructed, as can be seen in the summary plot in Fig. 9 and in
Table C.1. Looking at the di↵erences in AICc values, the model
returned using the longest sequence method is preferred over the
other two methods, and the distributions of the MD values are
in general shifted in favour of it (Fig. 7). This method searches
for a well matching sequence of frequencies to start building the
pattern from, as opposed to the other methods that match just
one frequency and build the pattern from there onward. It hence

Fig. 4: Correlation plot (see Fig. 2) for the Péclet grid, using
period spacings in a Mahalanobis Distance merit function. The
theoretical pulsation pattern was constructed according to the
longest sequence method.

Fig. 5: Correlation plot (see Fig. 2) for the Péclet grid, using pe-
riod spacings in a Mahalanobis Distance merit function. The the-
oretical pulsation pattern was constructed according to the high-
est amplitude method.

comes as no surprise that this method yields better matching pat-
terns overall.

6.3. Radiative grid versus Péclet grid

When comparing the best models of the radiative and Péclet grid,
the AICc cannot be coupled to a hypothesis test to determine
how strongly one of these two astrophysical models is preferred
because we are not dealing with evaluating nested regression
models. Indeed, for both of the grids, we have an equal number
of free parameters to fit. However, we can still rank the models
with the same free parameters based on their AICc values. We
find that the radiative grid has systematically lower AICc values
than the Péclet grid, both for the best models (Table C.1) and for

Article number, page 8 of 21

KIC 7760680 
Kepler SPB 
36 g modes 

(!=1)

$2 MD

Michielsen et al. (2021, A&A 650)

Advanced modelling requires Mahalanobis 
Distance instead of $2 as merit function: 

• theoretical uncertainties 
• parameter correlations and degeneracies

better!

Talk to Mathias Michielsen

KITP12 Oct 2021



Core-Boundary Mixing

Dominic Bowman

Difference in 1- and 2-parameter asteroseismic modelling for CBM:

5 parameters:

6 parameters:

Bowman & Michielsen (2021, A&A in press)

KITP12 Oct 2021

What is the best overshooting 
prescription for 1D models?



Discussion Points / Open Questions  
1. Interior rotation: what is the missing AM transport mechanism(s)? 

2. Envelope mixing in MS stars: why is there a large diversity? 

3. Core Boundary Mixing: what is the best shape in 3D -> 1D? 

4. Magnetic Cores: can we measure field strengths with pulsations? 

5. Gravity Waves: what are the excitation mechanisms and effects of transport? 



Magnetic cores: asteroseismology

Buysschaert et al. (2018, A&A 616)

B. Buysschaert et al.: Asteroseismic modeling of HD 43317

Fig. 7. Summary plot for the overall forward modeling of HD 43317 using the combined dipole mode hypothesis on the refined grid of MESA
models. The same color scheme as in Fig. 4 is used.

for their longitudinal magnetic field of Buysschaert et al.
(2017b) for the LSD profiles with their complete line mask.
Using these angles, the longitudinal magnetic field measure-
ments of Buysschaert et al. (2017b), the equation for the dipolar
magnetic field strength of Schwarzschild (1950) and a linear
limb-darking coe�cient of u= 0.3 (appropriate for a B3.5V star,
see e.g., Claret 2000), we deduced that the dipolar magnetic field
of HD 43317 had a strength Bdip = 1312± 332 G. These values
were all consistent with the ranges obtained by Buysschaert et al.
(2017b), which were based on the range of acceptable inclination
angles from Pápics et al. (2012).

4.2. Dependencies on the mode identification assumptions

During the forward seismic modeling, we were explicit on
the assumptions about the mode geometry, and at which stage
a given observed frequency entered the modeling scheme.

Several of these frequencies did not have a unique mode iden-
tification (even for the best fitted MESA model). As an exam-
ple, we discuss f15, which we assumed to be a (`, m)= (2,�1)
mode. However, the zonal mode frequency fng,`,0 of f6 also
matched closely with f15. Such a degeneracy occurred for sev-
eral cases, but never in a systematic way. Moreover, these degen-
eracies did not significantly alter the confidence intervals of the
parameters based on the selected MESA models as their
corresponding GYRE frequencies were a good match with the
observations. We considered it more sensible to use interrupted
series of (1,�1) and (2,�1) modes (together with one (2,+2)
mode confirmed by spectroscopy) during the forward seismic
modeling of HD 43317 than to inject zonal modes that did not
belong to any series in radial order or rotationally split multi-
plets. Finally, we emphasize that the assumption of the initial
four (1,�1) modes with the spectroscopic identification of f31
and the enforced 2� spectroscopic box su�ciently constrained
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Fig. 7. Summary plot for the overall forward modeling of HD 43317 using the combined dipole mode hypothesis on the refined grid of MESA
models. The same color scheme as in Fig. 4 is used.

for their longitudinal magnetic field of Buysschaert et al.
(2017b) for the LSD profiles with their complete line mask.
Using these angles, the longitudinal magnetic field measure-
ments of Buysschaert et al. (2017b), the equation for the dipolar
magnetic field strength of Schwarzschild (1950) and a linear
limb-darking coe�cient of u= 0.3 (appropriate for a B3.5V star,
see e.g., Claret 2000), we deduced that the dipolar magnetic field
of HD 43317 had a strength Bdip = 1312± 332 G. These values
were all consistent with the ranges obtained by Buysschaert et al.
(2017b), which were based on the range of acceptable inclination
angles from Pápics et al. (2012).

4.2. Dependencies on the mode identification assumptions

During the forward seismic modeling, we were explicit on
the assumptions about the mode geometry, and at which stage
a given observed frequency entered the modeling scheme.

Several of these frequencies did not have a unique mode iden-
tification (even for the best fitted MESA model). As an exam-
ple, we discuss f15, which we assumed to be a (`, m)= (2,�1)
mode. However, the zonal mode frequency fng,`,0 of f6 also
matched closely with f15. Such a degeneracy occurred for sev-
eral cases, but never in a systematic way. Moreover, these degen-
eracies did not significantly alter the confidence intervals of the
parameters based on the selected MESA models as their
corresponding GYRE frequencies were a good match with the
observations. We considered it more sensible to use interrupted
series of (1,�1) and (2,�1) modes (together with one (2,+2)
mode confirmed by spectroscopy) during the forward seismic
modeling of HD 43317 than to inject zonal modes that did not
belong to any series in radial order or rotationally split multi-
plets. Finally, we emphasize that the assumption of the initial
four (1,�1) modes with the spectroscopic identification of f31
and the enforced 2� spectroscopic box su�ciently constrained
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• "ov  = 0.004 ± 0.014  

• M⭑ = 5.8 ± 0.2 M̥ 

• Xc  = 0.54 ± 0.02 

• Prot = 0.897673 d 

• Bp = 1312 ± 332 G 
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Fig. C.2. Same as Fig. 6, but varying Dmix.

Fig. C.3. Same as Fig. C.1, but for zonal modes.
Fig. C.4. Same as Fig. C.1, but for retrograde modes.
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Full parameter study for g-
mode period spacing patterns
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Fossil field with poloidal and 
toroidal components 

Prat et al. (2019, A&A 627)

Oblique dipolar fossil 
magnetic field

Prat et al. (2020, A&A 636)
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where µ0 is the vacuum permeability, B is the large-scale mag-
netic field, and �B are the fluctuations of the magnetic field due
to the oscillation displacement. Those are given in the adiabatic
case by the induction equation

�B = r ^ (⇠0 ^ B), (2)

where ⇠0 is the unperturbed displacement of the mode. The fre-
quency shifts induced by the magnetic field read

�! = � h⇠0, �FL/⇢i
2!0h⇠0, ⇠0i + h⇠0, 2i⌦ ^ ⇠0i

, (3)

where ⇢ is the density of the background model, !0 is the unper-
turbed angular frequency of the mode in the corotating frame,⌦
is the rotation vector, the scalar product is defined by

h⇠, ⇣i =
Z

V

⇢⇠⇤ · ⇣dV, (4)

and the asterisk (⇤) denotes the complex conjugate.
In the TAR, the horizontal component of the rotation vector

is neglected (⌦ ' ⌦ cos ✓er), and unperturbed eigenmodes for
gravito-inertial waves are given in spherical coordinates (r, ✓,')
by

⇠0 = [⇠r(r)Hr(✓)er + ⇠h(r)H✓(✓)e✓ + i⇠h(r)H'(✓)e']ei(m'�!0t), (5)

where m is the azimuthal order, er, e✓, and e' are radial, latitu-
dinal, and azimuthal unit vectors, and Hr, H✓, and H' are radial,
latitudinal, and azimuthal Hough functions, respectively (Hough
1898; Lee & Saio 1997; Townsend 2003). Their precise defini-
tions are given in Paper I.

In the present study, we consider the magnetic field as a small
pertubation of a rapidly rotating system. Thus, the oscillation
axis can be approximated as the rotation axis. In the magnetic
frame, which is inclined by an angle �with respect to the rotation
axis as illustrated in Fig. 1, the magnetic field reads:

B = B0[br(r) cos ✓0er + b✓(r) sin ✓0e✓0 + b'(r) sin ✓0e'0 ], (6)

where B0 is the strength of the magnetic field, br, b✓, and b' are
radial functions that model realistic stable fossil configurations
(Paper I, Duez et al. 2010a), and the spherical coordinates in the
magnetic frame (er, e✓0 , e'0 ) are (r, ✓0,'0). In the corotating frame,
this leads to

B = Bpol cos � + Beq sin �, (7)

where

Bpol = B0(br cos ✓er + b✓ sin ✓e✓ + b' sin ✓e') (8)

is axisymmetric (with the axis aligned with the polar axis), and

Beq = B0[br sin ✓ cos'er � (b✓ cos ✓ cos' + b' sin')e✓
+ (b✓ sin' � b' cos ✓ cos')e']

(9)

is fully oblique (with the axis in the equatorial plane).
Because of the dependence of Beq on ', when computing

h⇠0, �FL/⇢i, the integral over ' cancels out mixed terms in Bpol
and Beq, thus leading to

h⇠0, �FL/⇢i = h⇠0, �F
pol
L /⇢i cos2 � + h⇠0, �F

eq
L /⇢i sin2 �, (10)

where �Fpol
L and �Feq

L are the perturbed Lorentz forces based on
Bpol and Beq only, respectively. For high-radial-order modes, the
eigenfunctions are rapidly oscillating in the radial direction, and

Fig. 1. Sketch of the field geometry. The magnetic field lines (decom-
posed into poloidal and toroidal components) are drawn in red. An
example of a critical latitude for gravito-inertial waves is drawn in blue.

the dominant terms in the full expansion given in Appendix A
yield

�!

!0
=

B
2
0

2µ0!2
0⇢cR2

IrI✓, (11)

where R is the stellar radius,

Ir =

R 1
0 |d(xbr⇠h)/dx|2dx

R 1
0 |⇠h|2(⇢/⇢c)x2dx

, (12)

with x = r/R,

I✓ =

R ⇡
0 (H2

✓ + H
2
')(cos2 ✓ cos2 � + 1

2 sin2 ✓ sin2 �) sin ✓d✓
R ⇡

0 (H2
✓ + H2

' + ⌫H✓H' cos ✓) sin ✓d✓
, (13)

and ⌫ = 2⌦/!0 is the spin factor. Equation (11) shows that
the magnetic frequency shifts scale with the square of the field
strength, as in the axisymmetric case. In addition, Eq. (13)
implies that the dependence on � of the frequency shifts induced
by the magnetic field is of the form

�!

!0
=

 
�!

!0

!

pol
cos2 � +

 
�!

!0

!

eq
sin2 �· (14)

3. Application to HD 43317

Similarly to Paper I, we now compute the new frequency shifts
for a representative stellar model of HD 43317, which is a
rapidly rotating, magnetic, slowly pulsating B-type star exhibit-
ing g modes (Buysschaert et al. 2018). The adopted model has
a mass of 5.8 M�, a radius of 3.39 R�, an e↵ective tempera-
ture of 17 822 K, a solar-like metallicity, and a central hydro-
gen mass fraction of 0.54, which corresponds to an age of
28.4 Myr. The identified g-mode frequencies of HD 43317range
from 0.69162 d�1 to 5.00466 d�1. The rotation period of the star
is Prot = 0.897673(4) d (Pápics et al. 2012), which corresponds
to 33% of the Keplerian angular velocity. Its mostly dipolar sur-
face magnetic field has a strength of 1312 ± 332 G and an obliq-
uity angle of 81 ± 6� (Buysschaert et al. 2018). However, we
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Fig. 3. Same as Fig. 2, but for ` = 1, m = 1, and B0 = 1.5 ⇥ 105 G.

stratification. This is a key property that may help to constrain
the structure of internal stellar magnetic fields.

4.2. Prograde modes

Figure 3 represents the g-mode period spacing of modes with
` = 1 and m = 1 and shows that low-frequency modes are strongly
a↵ected by the magnetic field, similarly to zonal modes. The main
di↵erence is that period spacings of prograde modes tend to zero
for high radial orders while their period remains finite, which
makes them potentially harder to distinguish from each other.

4.3. Retrograde modes

For retrograde modes, Eq. (18) may lead to negative frequencies.
Observationally, negative frequencies cannot be distinguished
from positive ones. Therefore, retrograde modes are split into
two series of modes. The corresponding period spacings are plot-
ted in Fig. 4. Low-radial-order modes (which have short periods
in the corotating frame) are only slightly a↵ected by the mag-
netic field. In contrast, high-radial-order modes (which have long
periods in the corotating frame, but moderate ones in the inertial
frame) show clear signatures of the magnetic field.

4.4. Effect of rotation

In this section, we present the computed modes and the asso-
ciated magnetic frequency shifts with 50% and 150% of the
measured rotation rate of HD 43317 (around 30% and 90%
of the critical rotation rate, respectively). The obtained period
spacings are plotted in Fig. 5. It is clear from this figure that
increasing the rotation rate significantly decreases the ampli-
tude of the expected magnetic signatures. This can be easily
explained: when the Brunt–Väisälä frequency is much higher
than the Coriolis frequency 2⌦, which is usually the case, the
lower bound for the frequency of gravito-inertial waves !� is
close to 2⌦ cos ✓ (see e.g. Prat et al. 2016). The Alfvén fre-
quency is usually lower than !�. When increasing the rotation
rate, !� also increases and moves further away from the Alfvén
frequency. Hence, gravito-inertial waves become less sensitive to
the presence of the magnetic field with increasing rotation veloc-
ity. This is also consistent with the criterion derived in Eq. (21).
It is therefore best to search for the signatures of a magnetic field
in period spacing patterns of slow rotators.

Fig. 4. Period spacings of g modes with radial orders from �1 (bottom
left) to �26 (top right) and �44 (right) to �74 (bottom) as a function
of the period in the inertial frame for ` = 1, m = �1, and B0 = 1.5 ⇥
105 G. We note that modes from n = �1 to n = �11 were observed for
HD 43317. The vertical black bar (very small here) represents a typical
observational error bar of 250 s.

Fig. 5. Same as Fig. 2, for B0 = 1.5 ⇥ 105 G and two di↵erent rotation
rates: ⌦ = 0.5⌦? and ⌦ = 1.5⌦? (around 30% and 90% of the critical
rotation rate, respectively).

For the slower rotation rate considered here, Fig. 5 displays
a negative period spacing value, with a higher-radial-order mode
having a shorter period than a lower-radial-order mode. In real-
ity, this could lead to an avoided crossing between consecutive
modes (e.g. Lignières et al. 2006), which would require a non-
perturbative treatment of the magnetic field. This would also
make the detection of period spacing patterns significantly more
di�cult.

5. Discussion

In the present work we investigated the e↵ect of a mixed,
axisymmetric, internal large-scale magnetic field, which pre-
sumably (but not necessarily) is of fossil origin, on the oscil-
lation frequencies of gravito-inertial modes in the traditional
approximation of rotation. The numerical application to a model
of a SPB star showed that high-radial-order modes exhibit sig-
nificantly distinct g-mode period spacing patterns because of the
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Fig. C.8. Same as Fig. 6, but for the 2 M� reference model.

Fig. C.9. Same as Fig. C.2, but for the 2 M� reference model.
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Fig. C.8. Same as Fig. 6, but for the 2 M� reference model.

Fig. C.9. Same as Fig. C.2, but for the 2 M� reference model.
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Fig. 4. Period spacing patterns of zonal dipole modes of the 3 M� TAMS reference model, varying B0. The color scheme is the same as in the top
right panel of Fig. 2.

Fig. 5. Same as Fig. 4, but varying the nonradial mode geometry.

4.4. Mixing: fov, Dmix, and ↵MLT

We assess the influence of Dmix, ↵MLT , and fov by varying one
parameter and fixing the others in the reference model. Extra
mixing changes the evolution of a star on a long-term scale
because it a↵ects local composition and the energy transport.
This impacts the local density, thus a↵ecting the magnetic field
model (through Eq. (10) of Duez & Mathis 2010) and the pulsa-
tion modes. All three parameters ( fov, Dmix, ↵MLT) a↵ect mixing
inside the star to a certain degree, and are therefore discussed
together.

Constraining convective core overshooting involves strong
model degeneracies (e.g., Pedersen et al. 2018; Aerts et al.
2018), because overshooting entrains hydrogen into the convec-
tive core, and so the MS lifetime is significantly a↵ected by the
overshoot parameter fov. A change in MS lifetime necessarily
means that for a given Xc, the radius, Te↵ , and the density profile
are a↵ected. The panels in the top row of Fig. 6 show mixing,
density, and radial magnetic field component profiles extracted
at an arbitrarily chosen colatitude ✓ = 5� for near-TAMS models.
The convective core size obtained from the Schwarzschild crite-
rion (e.g., Kippenhahn et al. 2012) is also shown in Fig. 6. Given
the changes in the radial magnetic field component in the stel-
lar radiative zone, it is reasonable to anticipate strong changes
in magnetic shifts when comparing the models while varying
fov. Mixing in the core overshoot zone also dissipates chemical
gradients that were left behind by the receding convective core
during main sequence evolution, a↵ecting the pulsation modes
strongly.

The period spacing patterns shown on the panels in the bot-
tom row of Fig. 6 display a trend: the smaller the amount of
overshooting, the larger the magnetic frequency deviations near
the TAMS. This is reflected by the values of �!/2⇡ in Table 3,
which mainly assess the magnetic shifts of the trapped modes.

The highest-radial-order modes even undergo non-perturbative
magnetic shifts in the lowest fov model. This trend of increasing
magnetic shift with decreasing fov is expected because magnetic
shifts of trapped modes are larger than those of untrapped modes.
Increasing fov results in a larger overshoot region (because of
increasing pressure scale height and the increased value of fov),
changes the convective core mass and size, smooths chemi-
cal gradients in the near-core region, and decreases mode trap-
ping. The mixing level varies in the overshoot region, and is
denoted by Dov(r). This parameter, evaluated near the overshoot
region boundary, together with the mixing within the radiative
zone, Dmix, are most important for mode trapping. The former
is a↵ected by all previously mentioned parameters that are influ-
enced by fov, whereas the latter is constant in our models. Mag-
netic shifts are also a↵ected by the change in magnetic field
structure induced by the dissimilar near-core density profile.
The e↵ect of increasing fov is two-fold: although the magnetic
shifts of the modes that are trapped in models with lower fov are
smaller in models with higher fov, we gain an additional diagnos-
tic in the form of a slope deviation from the rotationally modified
period spacing pattern that is easily recognizable and increases
with radial order (see the right-most panel of the bottom row
of Fig. 6). We show the analog of Fig. 6 for the 2 M� refer-
ence model in Fig. C.8, indicating that the e↵ect of the magnetic
field is similar. The magnetic slope deviations and sawtooth-like
features are yet to be discovered in photometric time series but
it seems promising that core overshooting could be better con-
strained in the presence of strong near-core magnetic fields.

The dominant contributing term to the magnetic frequency
shift is the one depicted in Eq. (17) of P+19, because the toroidal
magnetic field strength in our models is smaller than the poloidal
magnetic field strength. It is similar to the main contribution con-
sidered in Hasan et al. (2005). Physically, it describes the e↵ect
of a Lorentz force in the direction of wave propagation that is
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Discussion Points / Open Questions  
1. Interior rotation: what is the missing AM transport mechanism(s)? 

2. Envelope mixing in MS stars: why is there a large diversity? 

3. Core Boundary Mixing: what is the best shape in 3D -> 1D? 

4. Magnetic Cores: can we measure field strengths with pulsations? 

5. Gravity Waves: what are the excitation mechanisms and effects of transport? 



Gravity Waves in Massive Stars

Dominic Bowman

Observed 25 M̥ star with TESS

3D simulation of IGWs 
in 25 M̥ star

Courtesy of F. Herwig Bowman et al. (2019, Nature Astronomy 3)

Ubiquitous Stochastic Low Frequency variability in OB stars: 
• waves from core convection or the surface (or both): 

(Rogers et al. 2013, ApJ 772;  Shiode et al. 2013, MNRAS 430;  
Edelmann et al. 2019, ApJ 876;  Horst et al. 2020, A&A 641;  
Lecoanet et al. 2019, ApJL 886;  Cantiello et al. 2021, ApJ 915;  
Lecoanet et al. 2021, MNRAS 508) 

• clumpy and aspherical winds: 
(e.g. Krtička & Feldmeier 2021, A&A 648)
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Gravity Waves in Massive Stars

Dominic Bowman

Bowman et al. (2019, Nature Astronomy 3)

Ubiquitous Stochastic Low Frequency variability in OB stars: 
• waves from core convection or the surface (or both) 
• metallicity independent (Bowman et al. 2019, NatAst 3)

↵(⌫) =
↵0

1 + ( ⌫
⌫c
)�

+ C

Stochastic low-frequency model:
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Gravity Waves in Massive Stars

Dominic Bowman

Ubiquitous Stochastic Low Frequency variability in OB stars: 
• waves from core convection or the surface (or both) 
• metallicity independent 
• dependent on mass and age (Bowman et al. 2020, A&A 640)

Bowman et al. (2019, Nature Astronomy 3)
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What is the dominant cause of 
red noise in massive stars? 

How can we fully exploit this 
new type of observation?



Gravity Waves in Massive Stars

Dominic Bowman

Ubiquitous Stochastic Low Frequency variability in OB stars: 
• waves from core convection or the surface (or both) 
• metallicity independent 
• dependent on mass and age 

• correlation between SLF properties and 
macroturbulence (Bowman et al. 2020, A&A 640)

enough sample of OB-type stars in all evolutionary phases to
test the occurrence of IGWs across the evolution of the most
massive stars.

Part of the research included in this Letter was based on
funding from the Research Council of KU Leuven, Belgium
under grant GOA/2013/012. We thank an anonymous referee
for constructive comments that improved this manuscript.
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Figure 3. Simulated line-profile variations for the O III 5922 Å line of HD 46150 assuming IGWs (left panel) and for the Mg II 4481 Å line of the SPB KIC 776068
based on its dipole heat-driven modes detected and identified in the Kepler data (right panel). The red dashed lines are for rotational broadening alone.
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