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• Turbulence is observed at ܴ݁ ൏ ܴ݁௖
[1]  Rec = 5772, Orszag, JFM (1971)
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Isolated turbulent bandIsolated turbulent band

Isolated  extending turbulent band in large computational domainIsolated  extending turbulent band in large computational domain

Xiong, Tao, Chen and Brandt, Phys. Fluids (2015)
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• Governing equation
Incompressible Navier-Stokes equation

• Dimensionless parameter
		ܴ݁௠ ൌ  ௎௛ఔ

(U : constant bulk mean velocity)
• Boundary conditions

streamwise & spanwise ⇒ periodic
wall-normal ⇒ no-slip impermeable

System & ParametersSystem & Parameters
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• Numerical domain & Grid numbers

System & ParametersSystem & Parameters
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ݕ ݔ : streamwise
ݕ : wall-normal
ݖ : spanwise

	ݔ ∈ ሾ0, ௫ሿܮ
	ݕ ∈ ሾെ1, 1ሿ
	ݖ ∈ ሾ0, ௭ሿܮ
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① Length & Angle
② Downstream edge
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,௫ܮ ௭ܮ ൌ 500, 250 ，ܴ݁௠ ൌ 440	

Streamwise length ݈௫
Spanwise length ݈௭
ߠ ൌ tanିଵ ݈௭/݈௫
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• 平衡状態
•

Streamwise length ݈௫
Spanwise length ݈௭
ߠ ൌ tanିଵ ݈௭/݈௫

6000 120008000 10000
t

,௫ܮ ௭ܮ ൌ 500, 250 ，ܴ݁௠ ൌ 440	 ሺܴ݁ ൌ 3ܴ݁௠ 2⁄ ൌ 660ሻ

Length & AngleLength & Angle

Reynolds number ܴ݁

Tu
rb

ul
en

t f
ra

ct
io

n
ߩ

x/h = 1292
x/h = 1880
x/h = 2096

Sano and Tamai, Nature Phys. (2016)
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Effects of spatial periodicityEffects of spatial periodicity
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① Length & Angle
② Downstream edge
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,௫ܮ ௭ܮ ൌ 500, 250 ，ܴ݁௠ ൌ 450	
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,௫ܮ ௭ܮ ൌ 500, 250 ，ܴ݁௠ ൌ 450	
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C : local maximum point of ux (y=0) 
(rx, rz)

C’ : (rx-d, rz+d)

⇒ Add the spatially localized damping force  ⇒ Add the spatially localized damping force  
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C  : local maximum point
of ux (y=0) at each time step

C’ : (rx-d, rz+d)
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݀ ൌ 20Jiménez and Simens, J. Fluid Mech. (2001)

߲࢛
ݐ߲ ൌ ܨ ൈ ሺRHS	of	Navier−Stokesሻ

Damping mask in minimal turbulent channelDamping mask in minimal turbulent channel

chaoschaos

weak torusweak torus

periodic

flow

time



	
߲࢛
ݐ߲ ൅ ࢛ ∙ ࢛ߘ ൌ െ݌ߘ ൅

1
ܴ݁ ∆࢛ െ ,ݔሺܨ ,ݖ ሻݐ ࢛ െ ௅ܷி܍௫
ߘ ∙ 	࢛ ൌ ૙

C  : local maximum point
of ux (y=0) at each time step

C’ : (rx-d, rz+d)

⇒ Add the spatially localized damping force  ⇒ Add the spatially localized damping force  

݂ ൌ 0

݂ ൌ 1
0 ൏ ݂ ൏ 1

d
C

C’

=

=

ܨ ,ݔ ,ݖ ݐ ൌ ݂ߙ ,ݔ ,ݖ ݐ
					ߙ					 ∶ damping	coeffient
݂ ,ݔ ,ݖ ݐ ∶ spatial	distribution	function

Isolation of downstream edgeIsolation of downstream edge

(rx, rz)

ݔ

ݕݖ

hyperbolic‐tangent	type

݀ ൌ 20Teramura and Toh, Phys. Rev. E (2016)

Damping force in high-Re 2-d turbulent channelDamping force in high-Re 2-d turbulent channel

turbulenceturbulence Re = 8000

ejection-jet cycleejection-jet cycle

flow



3.0

2.5

2.0

1.5

ܧ ଷ
ௗ

ൈ 10ିସ

0 1000 2000 3000t 100 2000
ݖ െ ܿ௭ݐ

100

0

200

ݔ
െ
ܿ ௫
ݐ

௫ݑ െ ܷ௅ி
0.3െ0.3 0.0

Isolated downstream edge  Isolated downstream edge  

ଷௗܧ ൌ
1
2ܸ

න ࢛ െ ௅ܷி܍௫ ଶ

௏
dܸ

,௫ܮ ௭ܮ ൌ 200, 200 ，ܴ݁௠ ൌ 470, ߙ ൌ 0.1
(y = 0)

sustain without turbulent ‘tail’chaoschaos



ܳ ൌ 0.075, ߱௫ ൐ 0
ܳ ൌ 0.075, ߱௫ ൏ 0

௫ݑ െ ܷ௅ி ൌ ൅0.1

0

50

50

0

Periodic solution extracted using damping forcePeriodic solution extracted using damping force

ݔ െ ܿ௫ݐ
ݖ െ ܿ௭ݐ

ݕ

,௫ܮ ௭ܮ ൌ 100, 100 ，ܴ݁௠ ൌ 450, ߙ ൌ 0.1
Rem = 450

t

E 3
d

(ൈ10-4)

‘shear-layer’ sinuous instability ⇒ staggered vortices

sustaining edge
⇒ invariant solution

⇒ chaos



ሺݑ௫, 0, ௭ሻݑ
0.30.0 0.15

Sustaining mechanism of downstream edgeSustaining mechanism of downstream edge
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Sustaining mechanism of downstream edgeSustaining mechanism of downstream edge

Mean flow field for periodic solution
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Mean flow field for periodic solution
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Extension to turbulent bandExtension to turbulent band
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Bifurcation diagram of periodic solution Bifurcation diagram of periodic solution 
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Upper branch Lower branch
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Bifurcation diagram of periodic solution Bifurcation diagram of periodic solution 

Navier-Stokes
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Relevance to full Navier-Stokes systemRelevance to full Navier-Stokes system
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Concluding remarksConcluding remarks

• Turbulent bands of equilibrium length have been observed in large 
numerical domain.

• Turbulent bands can be sustained up to around ܴ݁௠ ൌ	 440. 
• Relative periodic orbits have been discovered in spatially-localized 

damping-forced Navier-Stokes system.
• Periodic solutions mathematically provide self-sustaining 

mechanism of downstream edge (physically, inclined and thus 
stretched wall-normal rolls).

• If damping force is reduced, upper-branch solution loses its 
stability and eventually chaotic solution appears to represent 
turbulent bands of longer array of complex vortices. 

• Periodic solutions representing turbulent bands might be connected 
to full Navier-Stokes system (cf. Hof et al.’s invariant solutions).


