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“The simplest form of the problem is to take a pipe that is very 
long and push water through it at high speed. (. . . )  

That is the central problem which we ought to solve some day, 
and we have not.” 

`high speed’:  > 2 cm/sec  for diameter 10 cm!

Turbulence…



Reynolds 1883: onset of turbulence in pipe flow  
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Plumbing?!



Turbulence…

✴ … `irregularity, or randomness, of turbulent flows … 
makes a deterministic approach impossible; instead 
one relies on statistical methods’  

Tennekes & Lumley, A first course in Turbulence, 1972  

statistical mechanics of fluids? 



Universal small scales?

• homogeneous, isotropic in `inertial range’? 

• Kolmogorov theory   

• theoretically appealing, universal, connection with 
smoothness of Navier-Stokes and Euler equations 

• not `plumbing’! 

h|v(x + r)� v(x)|2i ⇠ E2/3 r2/3

L� r � ⌘ = (⌫3/E)1/4



Grid Turbulence

early `pure’ turbulence experiment



Grid Turbulence

early `pure’ turbulence experiment

but decaying… 
 no `organizing centers’ 

 v=0 global attractor



Turbulence in a periodic box 

Orszag & Paterson 1972,…,     Biferale, Musacchio, Toschi, JFM 2013





• Kolmogorov scaling/theory:  

★ it’s there, if you stir enough! (cf. tidal channel 
measurements, random forcing in DNS, `French 
washing machine’,…)  

• but not quite: `intermittency’… 



Proc. R. Soc. London A (1991) emergence of coherence! 



Turbulence in smooth channel with 
smooth, steady forcing:

Front

Side

Top

 Green, M.A., Rowley, C.W. & Haller, G.
Detection of Lagrangian Coherent structures in three-dimensional turbulence
JFM 572, 2007, 111-120



Rayleigh-Benard convection

Lohse et al., University of Twente 

Top view near 
bottom hot wall
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Coherent approach to Turbulence   
• Turbulence full of poorly defined `coherent structures’: 

vortices, streaks, fronts, plumes,…

➡ Extract multi-scale exact coherent structures from 
equations (not the data!): steady state, traveling wave, 
time periodic solutions of equations 

‣ Typically unstable yet capturing key turbulent 
statistics: global transport, mean and rms profiles, 
etc… 

‣ Couette + Poiseuille shear flows mostly





Skin friction in channel  flow

Kim, Moin & Moser 
JFM 1987

pattern eduction from KMM hot spots 
Derek Stretch 1990



Unstable coherent states in shear flows

3D Traveling Wave in 
Plane Poiseuille flow

Derek Stretch, CTR 1990 
Structure of high drag regions  

in turbulent channel flow  
(KMM R𝜏 =180)

unstable, yet, captures  
near-wall structure quite well  
⟹ `Exact coherent structure’



`Optimum’ channel flow ECS 

min R
⌧

= 2h+
= 44 for L+

x

= 274, L+
z

= 105

Nice, but more 
work needed!
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Attempted to compute envelope,  
largest and smallest shear solutions 

optimizing over both horizontal wavenumbers 
(Jue Wang & FW, 2003, abandoned)

Lots of EQs, TWs, POs: which ones matter? 



Shear flows are difficult: 
 ECS are 3D traveling waves, periodic orbits,… 

Lots of different solutions

Computing envelope was too hard 
(back then in 2003)



Simpler Rayleigh-Bénard problem: 
Fluid between 2 horizontal walls: Cold top, Hot bottom  

COLD

HOT

gH,  
∆T

∆T = Tbot - Ttop
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• Boussinesq approximation: 

- density constant except in buoyancy 

• Governing parameters: 

⇢ = ⇢0 (1� ↵V T )

Ra =
(g↵

V
�T )H3

⌫ Pr = ⌫




Convection   for Ra > 1708, L/H ~ 2

COLD

HOT

g



Supercritical bifurcation to steady convection, 
Hopf bifurcation, Chaos,… L/H=2 
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unstable L/H=2 & L/H for max Nu 

Ra ×104
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W, Boonkasame & Smith, Phys. Fluids 2015 Sondak, Smith & W, JFM 2015



L/H=2 steady state, 
Ra=4 x 107, Pr=7 

Temperature contours



Optimum steady state, 
Ra=7 x 109, Pr=7 



Nu-Ra scalings
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Nu-Ra scalings
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Rigorous free-slip and no-slip bounds



Nu-Ra scalings
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3D turbulent data!



Fundamental coherent structure is a 2D sheet 

Lohse et al., University of Twente 

Top view near 
bottom hot wall



Exact Coherent structures

• Convergence of work in wall-bounded shear flows 
and Taylor-Couette and Rayleigh-Benard and … 
(e.g. `snaking’)  

• Not just transition!


