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Figure 3. Internal properties of the 1 M! models with four different mix-
ing prescriptions when Y = 0.4 in the centre. The helium mass fraction
Y, ratio of temperature gradients ∇rad/∇ad, and Brunt–Väisälä frequency
are shown. The four mixing prescriptions are no overshoot (Section 2.3.1;
black), standard overshoot (Section 2.3.2; cyan), classical semiconvec-
tion (Section 2.3.3; orange), and maximal overshoot (Section 2.3.4; ma-
genta). This colour scheme is used for mixing comparisons throughout this
paper.

boundary would cause the next radiative zone to become convective,
while the former always mixes beyond the Schwarzschild boundary
(i.e. without a test). The outcome is similar because at these con-
ditions C and O are so much more opaque than He, so this mixing
usually results in the radiative zone adjacent to the Schwarzchild
boundary at the outer edge of the convective core becoming unstable
to convection. This feedback contrasts with other phases in evolu-
tion when the extent of mixing is dependent on the overshooting
distance because the resulting mixing does not alter the location of
the Schwarzschild boundary.

In CHeB models, any overshoot tends to grow the core enough so
that a minimum in ∇ rad/∇ad appears in the convection zone [see the
magenta line in Fig. 3(b) for an example]. Eventually, this minimum
falls below unity and the convection zone splits. This process contin-
uously repeats, leaving behind the characteristic stepped abundance
profile seen in Fig. 2(b). If properly resolved, the partially mixed re-
gion created beyond the convective core by overshooting will have
temperature gradient ∇ rad/∇ad ≈ 1, resembling semiconvection (see
Section 2.3.3).

2.3.3 Models with semiconvection

We have developed a simple method to mimic the structure that is
found using semiconvection routines. We do this by allowing slow
mixing in sub-adiabatic conditions. Specifically, we set a mixing
rate that depends only on how close a zone is to being convective
according to the Schwarzschild criterion (which neglects the stabi-

lizing effect of any composition gradients). If ∇ rad < ∇ad then we
set the diffusion coefficient D according to

log D = log D′ − c1(1 − ∇rad/∇ad), (15)

but also specify a maximum gradient so that
∣∣∣∣
d ln D

d ln p

∣∣∣∣ ≤ c2, (16)

where D′, c1, and c2 are constants that are chosen at discretion
and varied with experience (cf. Iben 1967). In this study we use
log D′ = 10, c1 = 100, and c2 = 90 to give D in units of cm2s−1. The
structure that is produced by this scheme is shown in Fig. 2(c). This
differs slightly from previous routines that have a zone with exactly
∇ rad = ∇ad and a smooth composition profile which ends with a
discontinuity (herein the ‘classical’ semiconvection structure). An
example of the classical structure is shown in Fig. 3. The most
obvious difference produced by our routine is that the composition
is everywhere smoothly varying, i.e. there is no discontinuity at the
outer boundary of the partially mixed region.

We also use a different method to construct classical semiconvec-
tion models. For a given central composition we artificially increase
the mass fraction of the convective core until there is a minimum
in ∇ rad/∇ad inside the convection zone with ∇ rad/∇ad = 1 (the
structure during this intermediate step is identical to that of the
maximal-overshoot models shown in Fig. 3 and discussed below).
The location of this minimum is the first guess for the boundary
between the convection and semiconvection zones, while the edge
of the convective region becomes the outer boundary of the semi-
convection zone. We then adjust the composition between these two
points until this region has ∇ rad/∇ad = 1 everywhere (and also make
small adjustments to the location of the boundaries if needed). This
contrasts with the method of Robertson & Faulkner (1972) where,
during each time-step, the composition changes due to nuclear burn-
ing and then mixing proceeds outwards from the centre, point by
point, to give exactly ∇ rad = ∇ad.

2.3.4 Models with maximal overshoot

If the helium-burning convective core is large enough, it will con-
tain within it a minimum ∇ rad/∇ad, such as that shown by the
magenta line in Fig. 3(b). Further core growth will continue to
reduce the value of this minimum until it reaches ∇ rad/∇ad < 1,
which splits the convection zone into two. This is avoided in our
newly developed ‘maximal-overshoot’ scheme by making convec-
tive overshoot dependent on the value of this minimum, so that the
core growth slows (and then can stop) if the convective core is close
to splitting. In its present ad hoc implementation the amount of
mass beyond the convective boundary that is mixed each time-step
is proportional to the minimum of ∇ rad/∇ad − 1 in the convec-
tion zone, and overshoot is stopped if that minimum falls below
0.002. This ensures that the model attains the largest possible con-
vective core throughout the evolution. This structure is shown in
Figs 2(d) and 3. We do not propose a physical justification for
achieving this exact structure. Instead we use it as a comparison
to standard models which is interesting because of its extreme
core size and the effect on !"1. Finally, we note that although
our maximal-overshoot models are generated by a different mecha-
nism, their structure is similar to some earlier models with large fully
mixed cores (e.g. Bressan, Bertelli & Chiosi 1986; Straniero et al.
2003).
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Figure 3. Internal properties of the 1 M! models with four different mix-
ing prescriptions when Y = 0.4 in the centre. The helium mass fraction
Y, ratio of temperature gradients ∇rad/∇ad, and Brunt–Väisälä frequency
are shown. The four mixing prescriptions are no overshoot (Section 2.3.1;
black), standard overshoot (Section 2.3.2; cyan), classical semiconvec-
tion (Section 2.3.3; orange), and maximal overshoot (Section 2.3.4; ma-
genta). This colour scheme is used for mixing comparisons throughout this
paper.

boundary would cause the next radiative zone to become convective,
while the former always mixes beyond the Schwarzschild boundary
(i.e. without a test). The outcome is similar because at these con-
ditions C and O are so much more opaque than He, so this mixing
usually results in the radiative zone adjacent to the Schwarzchild
boundary at the outer edge of the convective core becoming unstable
to convection. This feedback contrasts with other phases in evolu-
tion when the extent of mixing is dependent on the overshooting
distance because the resulting mixing does not alter the location of
the Schwarzschild boundary.

In CHeB models, any overshoot tends to grow the core enough so
that a minimum in ∇ rad/∇ad appears in the convection zone [see the
magenta line in Fig. 3(b) for an example]. Eventually, this minimum
falls below unity and the convection zone splits. This process contin-
uously repeats, leaving behind the characteristic stepped abundance
profile seen in Fig. 2(b). If properly resolved, the partially mixed re-
gion created beyond the convective core by overshooting will have
temperature gradient ∇ rad/∇ad ≈ 1, resembling semiconvection (see
Section 2.3.3).

2.3.3 Models with semiconvection

We have developed a simple method to mimic the structure that is
found using semiconvection routines. We do this by allowing slow
mixing in sub-adiabatic conditions. Specifically, we set a mixing
rate that depends only on how close a zone is to being convective
according to the Schwarzschild criterion (which neglects the stabi-

lizing effect of any composition gradients). If ∇ rad < ∇ad then we
set the diffusion coefficient D according to

log D = log D′ − c1(1 − ∇rad/∇ad), (15)

but also specify a maximum gradient so that
∣∣∣∣
d ln D

d ln p

∣∣∣∣ ≤ c2, (16)

where D′, c1, and c2 are constants that are chosen at discretion
and varied with experience (cf. Iben 1967). In this study we use
log D′ = 10, c1 = 100, and c2 = 90 to give D in units of cm2s−1. The
structure that is produced by this scheme is shown in Fig. 2(c). This
differs slightly from previous routines that have a zone with exactly
∇ rad = ∇ad and a smooth composition profile which ends with a
discontinuity (herein the ‘classical’ semiconvection structure). An
example of the classical structure is shown in Fig. 3. The most
obvious difference produced by our routine is that the composition
is everywhere smoothly varying, i.e. there is no discontinuity at the
outer boundary of the partially mixed region.

We also use a different method to construct classical semiconvec-
tion models. For a given central composition we artificially increase
the mass fraction of the convective core until there is a minimum
in ∇ rad/∇ad inside the convection zone with ∇ rad/∇ad = 1 (the
structure during this intermediate step is identical to that of the
maximal-overshoot models shown in Fig. 3 and discussed below).
The location of this minimum is the first guess for the boundary
between the convection and semiconvection zones, while the edge
of the convective region becomes the outer boundary of the semi-
convection zone. We then adjust the composition between these two
points until this region has ∇ rad/∇ad = 1 everywhere (and also make
small adjustments to the location of the boundaries if needed). This
contrasts with the method of Robertson & Faulkner (1972) where,
during each time-step, the composition changes due to nuclear burn-
ing and then mixing proceeds outwards from the centre, point by
point, to give exactly ∇ rad = ∇ad.

2.3.4 Models with maximal overshoot

If the helium-burning convective core is large enough, it will con-
tain within it a minimum ∇ rad/∇ad, such as that shown by the
magenta line in Fig. 3(b). Further core growth will continue to
reduce the value of this minimum until it reaches ∇ rad/∇ad < 1,
which splits the convection zone into two. This is avoided in our
newly developed ‘maximal-overshoot’ scheme by making convec-
tive overshoot dependent on the value of this minimum, so that the
core growth slows (and then can stop) if the convective core is close
to splitting. In its present ad hoc implementation the amount of
mass beyond the convective boundary that is mixed each time-step
is proportional to the minimum of ∇ rad/∇ad − 1 in the convec-
tion zone, and overshoot is stopped if that minimum falls below
0.002. This ensures that the model attains the largest possible con-
vective core throughout the evolution. This structure is shown in
Figs 2(d) and 3. We do not propose a physical justification for
achieving this exact structure. Instead we use it as a comparison
to standard models which is interesting because of its extreme
core size and the effect on !"1. Finally, we note that although
our maximal-overshoot models are generated by a different mecha-
nism, their structure is similar to some earlier models with large fully
mixed cores (e.g. Bressan, Bertelli & Chiosi 1986; Straniero et al.
2003).
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BSM =no oversh., no semiconv.

SM and PSM = semiconv. + 2 different methods to 
suppress BPs

HOM = overshooting 1Hp (BP suppressed as in SM)

LOM= overshooting 0.2Hp (BP suppressed as in SM)

3M⊙ solar composition

CONSEQUENCES FOR WD CO ABUNDANCE PROFILES
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FIG. 28 (Color online) The reaction rate integrand as a func-
tion of CM energy for T = 1, 2, 4, and 10 GK. At larger tem-
peratures above T = 1 GK several resonance contributions be-
gin to dominate the rate. Above T ⇡ 4 GK it is estimated that
higher lying resonance contributions (at Ec.m. > 6.5 MeV)
not included in the present analysis could have a significant
contribution compared to the quoted uncertainty. While the
ground state transition has been shown to be fairly weak at
these higher energies, limited information is available for the
cascade transitions, and they may make significant contribu-
tions. For comparison, the Gaussian Gamow energy windows
described by Eqs. 4 and (5) are indicated by the horizontal
error bars.

1993). There is an additional narrow 0+ state at
Ex = 12.049(2) MeV (�total = 1.5(5) keV). Its strength
has been reported for the first time by Schürmann et al.
(2005) (!� = 11.2(15) meV).

The narrow resonance contributions and their uncer-
tainties have been calculated using STARLIB (Sallaska
et al., 2013). As these resonances are narrow, their inter-
ferences with the broad states can be neglected to within
the uncertainty of this analysis. The uncertainties are
combined by summing (incoherently) the rate PDFs from
the R-matrix Monte Carlo procedure with those from the
Monte Carlo Breit-Wigner narrow resonance approxima-
tion calculations from STARLIB.

Of the narrow resonances, only the 2+ has a significant
a↵ect on the rate. It makes a contribution of >2% at
T > 1.75 GK with a maximum contribution of 15% at
T = 3.5 GK. It is estimated that this resonance can have
a >2% contribution up to T ⇡ 9 GK. It is estimated that
the 4+ resonance has a maximum contribution of ⇡1%
at T ⇡ 6 GK. The 0+ resonance is too weak to make a
significant contribution even at T = 10 GK.

The total reaction rate is compared to the NACRE
rate (Angulo et al., 1999) in Fig. 29. The present rate is
within the uncertainties of (Angulo et al., 1999) except
at T ⇡ 2 GK where the present rate is larger because
of the inclusion of the narrow 2+ resonance and the cas-
cade transitions. The uncertainty band is significantly
smaller at low temperatures but is similar at higher tem-
peratures reflecting the significantly increased constraint
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FIG. 29 (Color online) Comparison of the reaction rate and
uncertainty calculated in this work (orange band, dash central
line) and that from Kunz et al. (2002) (blue band, dash-dotted
central line) normalized to the adopted value from Angulo
et al. (1999) (NACRE compilation) (gray band, solid central
line). The deviations at higher temperature are the result of
the di↵erent narrow resonance and cascade transitions that
were considered in the di↵erent works. Arrows at the bottom
indicate temperature ranges for di↵erent Carbon burning sce-
narios.

on the subthreshold parameters imposed by transfer re-
actions since the NACRE publication. The rate from
Kunz et al. (2002) is also shown in Fig. 29 for additional
comparison. The reaction rate of this work is given in
Table XXV of Appendix B.
With the revised reaction rate now in hand, investi-

gations can now be made to ascertain the e↵ect of the
smaller central value and smaller uncertainty band on
stellar model calculations.

X. ASTROPHYSICS IMPLICATIONS

Returning at last to the discussions of Sec. II, the
12C(↵,�)16O reaction is responsible for the origin of oxy-
gen in the universe and for setting the profile of the car-
bon to oxygen ratio in stars. This, in turn, a↵ects subse-
quent stellar evolution and determines the nucleosynthe-
sis phases of quiescent and explosive burning events.
Attention is focused on models of a single star, with

solar metallicity, and zero-age main-sequence masses of
3, 15, and 25 M�. These three masses are represen-
tative of di↵erent stellar evolution and nucleosynthesis
paths. The 3 M� models are of interest because they
produce CO white dwarf masses near the M ' 0.6 M�
peak of the observed DA (hydrogen-dominated atmo-
sphere) and DB (helium dominated atmosphere) white
dwarf mass distributions (Eisenstein et al., 2006; Kepler

DeBoer et al. (2017)12C(𝛂,𝞬)16O reaction rate
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Fig. 7. Same as Fig. 1 but for models computed with three di↵erent 12C+↵ reaction rates: Angulo et al. (1999; Nacre, black solid line), the higher
(KH), and the lower (KL) reaction rates from Kunz et al. (2002; red dashed and blue dashed lines, respectively).
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Fig. 8. Same as Fig. 3 but for the period di↵erences between Kh and Nacre models, (black dashed line) and Kl and Nacre models (black solid
line).

WD. In Fig. 6 we plot the temperature dependence of the ra-
tio between the Kh and Nacre, and Kl an Nacre reaction rates.
For core He burning temperatures (⇠2 ⇥ 108 K, gray zone),
�Kl/�Nacre ⇠ 0.55 and �Kh/�Nacre ⇠ 1.1. The impact on the
chemical profiles at the ZZ Ceti stage is depicted in Fig. 7. We
found di↵erences in the carbon-oxygen abundances, the location
of the O/C and O/C/He chemical transitions, and the abundances
of the intershell region. As expected, the 16O abundance is larger
for the models computed with the Kh reaction rate. Models that
were computed assuming the Nacre and Kh reaction rates ex-
hibit very similar chemical structures. Di↵erences in the B-V
frequency are found at the carbon-oxygen and triple transition
(see lower panels of Fig. 7).

The resulting impact on the pulsation periods can be seen
in Fig. 8, in which we plot the di↵erences between the periods
predicted by the Kh and Nacre models (dashed line and empty
circles) and the di↵erences predicted by the Kl and Nacre models
(solid line and filled circles). Low-order modes are, in general,
more a↵ected when the Kl reaction rate is assumed. In particu-
lar, for the 0.548 M� model, appreciable di↵erences are expected
for both low and high radial-order modes, with maximum di↵er-
ences of |�P| ⇠ 11 s. By contrast, in the case of the massive
model, small period di↵erences are found for modes with radial
orders k < 23, independent of the adopted rate, with a maximum

of |�P| ⇠ 5 s. These small variations found in low-order modes
reflect the much smoother behavior of the chemical profile at the
outermost part of the carbon-oxygen core in the case of the mas-
sive model. But, for radial orders k > 23, appreciable di↵erences
are found, reaching |�P| ⇠ 18 s at most. The appreciable di↵er-
ences found for modes with radial orders k > 23 stems from the
fact that some modes of high radial order k are sensitive to the
chemical structure of the core.

4. Summary and conclusions

In this paper, we studied the impact of uncertainties from progen-
itor evolution on the pulsational properties of ZZ Ceti WD stars.
We focused on the occurrence of TP in the AGB stage, the occur-
rence of OV during the core He burning and also the uncertain-
ties in the 12C(↵, �)16O reaction rate. Our models were derived
from the full and complete evolution from the ZAMS, through
the TP-AGB. Evolution of our model sequences was followed to
the domain of ZZ Ceti stars, for which we computed the adia-
batic g-mode pulsation properties. We computed various sets of
models in which we varied the amount of OV during core He
burning, the 12C(↵, �)16O reaction rate, and the occurrence and
number of TP during the TP-AGB phase.
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Fig. 7. Same as Fig. 1 but for models computed with three di↵erent 12C+↵ reaction rates: Angulo et al. (1999; Nacre, black solid line), the higher
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Fig. 8. Same as Fig. 3 but for the period di↵erences between Kh and Nacre models, (black dashed line) and Kl and Nacre models (black solid
line).

WD. In Fig. 6 we plot the temperature dependence of the ra-
tio between the Kh and Nacre, and Kl an Nacre reaction rates.
For core He burning temperatures (⇠2 ⇥ 108 K, gray zone),
�Kl/�Nacre ⇠ 0.55 and �Kh/�Nacre ⇠ 1.1. The impact on the
chemical profiles at the ZZ Ceti stage is depicted in Fig. 7. We
found di↵erences in the carbon-oxygen abundances, the location
of the O/C and O/C/He chemical transitions, and the abundances
of the intershell region. As expected, the 16O abundance is larger
for the models computed with the Kh reaction rate. Models that
were computed assuming the Nacre and Kh reaction rates ex-
hibit very similar chemical structures. Di↵erences in the B-V
frequency are found at the carbon-oxygen and triple transition
(see lower panels of Fig. 7).

The resulting impact on the pulsation periods can be seen
in Fig. 8, in which we plot the di↵erences between the periods
predicted by the Kh and Nacre models (dashed line and empty
circles) and the di↵erences predicted by the Kl and Nacre models
(solid line and filled circles). Low-order modes are, in general,
more a↵ected when the Kl reaction rate is assumed. In particu-
lar, for the 0.548 M� model, appreciable di↵erences are expected
for both low and high radial-order modes, with maximum di↵er-
ences of |�P| ⇠ 11 s. By contrast, in the case of the massive
model, small period di↵erences are found for modes with radial
orders k < 23, independent of the adopted rate, with a maximum

of |�P| ⇠ 5 s. These small variations found in low-order modes
reflect the much smoother behavior of the chemical profile at the
outermost part of the carbon-oxygen core in the case of the mas-
sive model. But, for radial orders k > 23, appreciable di↵erences
are found, reaching |�P| ⇠ 18 s at most. The appreciable di↵er-
ences found for modes with radial orders k > 23 stems from the
fact that some modes of high radial order k are sensitive to the
chemical structure of the core.

4. Summary and conclusions

In this paper, we studied the impact of uncertainties from progen-
itor evolution on the pulsational properties of ZZ Ceti WD stars.
We focused on the occurrence of TP in the AGB stage, the occur-
rence of OV during the core He burning and also the uncertain-
ties in the 12C(↵, �)16O reaction rate. Our models were derived
from the full and complete evolution from the ZAMS, through
the TP-AGB. Evolution of our model sequences was followed to
the domain of ZZ Ceti stars, for which we computed the adia-
batic g-mode pulsation properties. We computed various sets of
models in which we varied the amount of OV during core He
burning, the 12C(↵, �)16O reaction rate, and the occurrence and
number of TP during the TP-AGB phase.
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Fig. 1. Upper panels: inner O, C and He abundance distribution in terms of the outer mass fraction for the two stellar models considered in our
analysis at Te↵ ⇠ 12 000 K. 0TP refers to the expected chemical profiles resulting from a progenitor before the occurrence of the first TP (red
dashed line). 3TP corresponds to the case of the chemical profiles resulting from a progenitor at end of the third TP (black solid line).
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3. Pulsational analysis

In this section we study the uncertainties during the prior evolu-
tion of the progenitor star that a↵ects the chemical structure of
the emerging WDs and their pulsation period spectra. In partic-
ular, we explore

1. The occurrence of TP during the AGB phase of the progeni-
tor star.

2. The occurrence of OV during core He burning.
3. The 12C(↵, �)16O reaction rate.

We concentrate on template models characterized by M? =
0.548, 0.837 M�, with an H-envelope mass of MH ⇠ 4⇥10�6 M?
at Te↵ ⇠ 12 000 K, and considered the pulsation period spectrum
for modes with ` = 1.

In Fig. 1 we show the internal chemical profiles and the log-
arithm squared Brunt-Väisälä frequency in terms of the outer
mass fraction for both models at the ZZ Ceti domain. Our mod-
els are characterized by three chemical transition regions from
center to the surface: a chemical interface of C and O, a double-
layered chemical structure involving He, C, and O, and an in-
terface of He/H. The existence of these three transition zones
induces bumps in the shape of the Brunt-Väisälä frequency,
which strongly a↵ects the whole structure of the pulsation spec-
trum of the star, in particular the mode-trapping properties
(Brassard et al. 1992; Bradley 1996; Córsico et al. 2002). These

features play a crucial role, acting as filters by trapping the mode
oscillation energy close to the surface, or confining this oscilla-
tion energy in the core.

Next, we compare the pulsation properties of the models con-
sidered for each case. Since the models compared have the same
stellar mass1, e↵ective temperature and mass of the H envelope,
the di↵erences found in the pulsation properties are strictly due
to the di↵erences in the chemical structure resulting from di↵er-
ent kinds of progenitor evolution.

3.1. Occurrence of TP in AGB
In this section we explore the impact on the chemical profiles
when the progenitor evolves through the TP-AGB phase. Be-
cause during this phase a pulse-driven convection zone develops,
the building of an intershell region and a double-layered chem-
ical structure is expected at the bottom of the He bu↵er. The
size of this region decreases with the number of TP, i.e., as the
star evolves through the TP-AGB, as a consequence of the He-
burning shell. The number of TP experienced by the progenitor
star is uncertain and depends on the rate at which mass is lost
during the TP-AGB phase, on the initial metallicity of progeni-
tor star, as well as, to a lesser extent, on the occurrence of extra
mixing in the pulse-driven convection zone (Herwig 2000). To
quantify the impact of all these uncertainties on the pulsational
properties of ZZ Ceti stars, we explored the situation in which
the progenitor experiences three and ten TP (hereinafter refer-
enced as 3TP and 10 TP models) by forcing the departure from
the TP-AGB phase at specific stages. In addition, we considered
the extreme situation in which the star is forced to abandon the
AGB phase before the occurrence of the first TP (hereinafter re-
ferred to as 0TP model).

In Fig. 1 we show the chemical profiles (upper panel) for
the most abundant elements, and the logarithm of the squared
Brunt-Väisälä (B-V) frequency (lower panel) in terms of the
outer mass. As mentioned, the evolution through the TP-AGB
leaves its signature on the chemical profile of our models with
the formation of an intershell region rich in He and C at the
bottom of the He bu↵er. The presence of C in the intershell
region stems from the short-lived convective mixing that has
driven the C-rich zone upward during the peak of the He pulse

1 We rescaled the stellar mass when necessary.
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FIG. 30 (Color online) Ratio of 12C and 16O mass fractions at
the stellar center at the end of core He burning (left axis; red
circles) and number ratios at the surface (right axis; grey and
blue circles) during the 10th and 15th thermal pulses (He shell-
flashes) in the 3 M� models. The points connected by lines are
di↵erences arising in the models when using the 12C(↵, �)16O
rate of this work and that of Kunz et al. (2002). The red
arrow along the left y-axis spans the range of XC(

12C/16O)
resulting from the uncertainty in the rate of this work. The
blue arrow along the right y-axis is the equivalent range of
Ysurf(

12C/16O) during the 15th thermal pulse.

surface abundances of 12C, 16O and s-process elements,
but remains uncertain (e.g., Cristallo et al., 2015; Gallino
et al., 1998; Herwig, 2005b; Herwig et al., 2007; Karakas
and Lattanzio, 2014; Pignatari et al., 2016; Straniero
et al., 1995). Several physics mechanisms have been
proposed that could dominate convective-boundary mix-
ing including overshooting (Herwig et al., 1997), expo-
nential decay of convective velocities (Cristallo et al.,
2001), internal gravity waves (Battino et al., 2016; Denis-
senkov and Tout, 2003), and magnetic buoyancy (Trip-
pella et al., 2016). A consensus on the solution to this
puzzle has not yet been reached.

B. Aspects of 12C(↵,�)16O on 15 M� and 25 M� Models

Fig. 31 shows the percent di↵erences between using the
12C(↵,�)16O rate from this work and that of Kunz et al.
(2002) on the CO core mass, �MCO, and the central car-
bon/oxygen ratio, �XC(12C/16O), for the 15 and 25 M�
MESA models. The core masses are measured as the mass
coordinate where X(4He) < 0.01 and X(12C) > 0.1 when
Xc(4He) reaches 1⇥10�5. For the 15 M� models, �MCO

(red circles) ranges between '1.2% for the respective low
rates to'-0.5% for the respective adopted and high rates.
For the 25 M� models, �MCO ranges between '1.7%
for the respective low rates to '1.0% for the respective
adopted rates and '0.5% for the respective high rates.

FIG. 31 (Color online) Percent di↵erence in the carbon-
oxygen core mass, �MCO (left axis; red circles), and the
central carbon/oxygen ratio, �Xc(

12C/16O) ratio (right axis;
blue circles), between using the 12C(↵,�)16O rate of this work
and that of Kunz et al. (2002) for 15 M� (top panel) and
25 M� (bottom panel) MESA models at core He depletion (de-
fined as when the central He mass fraction falls below 10�5).
The x-axis gives the low, adopted, and high 12C(↵,�)16O rate
for the respective rate selection. The red arrow along the left
axis is the range of MCO resulting from the uncertainty in the
rate of this work. The blue arrow along the right y-axis is the
equivalent range for the central carbon mass fraction.

See Table XX for the absolute values of the CO core
masses resulting from the 12C(↵,�)16O rate from this
work. The red arrow along the left y-axes in Fig. 31 is
the range of MCO resulting from the uncertainty in the
rate from this work. The central CO core masses have
a spread of '1.5% for the 15 M� models and '0.7% for
the 25 M� models.

The 15 M� and 25 M� models show CO mass fraction
profiles that are nearly flat, due to convective mixing,
from the center to the inner edge of the shell He-burning
region. For the 15 M� models, �XC(12C/16O) ranges
from '-30% for the respective low rates through ' 0%
for the respective adopted rates to ' 30% for the respec-
tive high rates. For the 25 M� models, �XC(12C/16O)
ranges between ' 20% for the respective low and adopted

Mass fractions

Number 
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Fig. 1. Upper panels: inner O, C and He abundance distribution in terms of the outer mass fraction for the two stellar models considered in our
analysis at Te↵ ⇠ 12 000 K. 0TP refers to the expected chemical profiles resulting from a progenitor before the occurrence of the first TP (red
dashed line). 3TP corresponds to the case of the chemical profiles resulting from a progenitor at end of the third TP (black solid line).

frequency (N) is computed as (Tassoul et al. 1990)

N2 =
g2⇢

P
�T

�P
(rad � r + B), (1)

where

B = � 1
�T

n�1X

i=1

�Xi

dln Xi

dln ⇢
, (2)
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3. Pulsational analysis

In this section we study the uncertainties during the prior evolu-
tion of the progenitor star that a↵ects the chemical structure of
the emerging WDs and their pulsation period spectra. In partic-
ular, we explore

1. The occurrence of TP during the AGB phase of the progeni-
tor star.

2. The occurrence of OV during core He burning.
3. The 12C(↵, �)16O reaction rate.

We concentrate on template models characterized by M? =
0.548, 0.837 M�, with an H-envelope mass of MH ⇠ 4⇥10�6 M?
at Te↵ ⇠ 12 000 K, and considered the pulsation period spectrum
for modes with ` = 1.

In Fig. 1 we show the internal chemical profiles and the log-
arithm squared Brunt-Väisälä frequency in terms of the outer
mass fraction for both models at the ZZ Ceti domain. Our mod-
els are characterized by three chemical transition regions from
center to the surface: a chemical interface of C and O, a double-
layered chemical structure involving He, C, and O, and an in-
terface of He/H. The existence of these three transition zones
induces bumps in the shape of the Brunt-Väisälä frequency,
which strongly a↵ects the whole structure of the pulsation spec-
trum of the star, in particular the mode-trapping properties
(Brassard et al. 1992; Bradley 1996; Córsico et al. 2002). These

features play a crucial role, acting as filters by trapping the mode
oscillation energy close to the surface, or confining this oscilla-
tion energy in the core.

Next, we compare the pulsation properties of the models con-
sidered for each case. Since the models compared have the same
stellar mass1, e↵ective temperature and mass of the H envelope,
the di↵erences found in the pulsation properties are strictly due
to the di↵erences in the chemical structure resulting from di↵er-
ent kinds of progenitor evolution.

3.1. Occurrence of TP in AGB
In this section we explore the impact on the chemical profiles
when the progenitor evolves through the TP-AGB phase. Be-
cause during this phase a pulse-driven convection zone develops,
the building of an intershell region and a double-layered chem-
ical structure is expected at the bottom of the He bu↵er. The
size of this region decreases with the number of TP, i.e., as the
star evolves through the TP-AGB, as a consequence of the He-
burning shell. The number of TP experienced by the progenitor
star is uncertain and depends on the rate at which mass is lost
during the TP-AGB phase, on the initial metallicity of progeni-
tor star, as well as, to a lesser extent, on the occurrence of extra
mixing in the pulse-driven convection zone (Herwig 2000). To
quantify the impact of all these uncertainties on the pulsational
properties of ZZ Ceti stars, we explored the situation in which
the progenitor experiences three and ten TP (hereinafter refer-
enced as 3TP and 10 TP models) by forcing the departure from
the TP-AGB phase at specific stages. In addition, we considered
the extreme situation in which the star is forced to abandon the
AGB phase before the occurrence of the first TP (hereinafter re-
ferred to as 0TP model).

In Fig. 1 we show the chemical profiles (upper panel) for
the most abundant elements, and the logarithm of the squared
Brunt-Väisälä (B-V) frequency (lower panel) in terms of the
outer mass. As mentioned, the evolution through the TP-AGB
leaves its signature on the chemical profile of our models with
the formation of an intershell region rich in He and C at the
bottom of the He bu↵er. The presence of C in the intershell
region stems from the short-lived convective mixing that has
driven the C-rich zone upward during the peak of the He pulse

1 We rescaled the stellar mass when necessary.
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Fig. 1. Upper panels: inner O, C and He abundance distribution in terms of the outer mass fraction for the two stellar models considered in our
analysis at Te↵ ⇠ 12 000 K. 0TP refers to the expected chemical profiles resulting from a progenitor before the occurrence of the first TP (red
dashed line). 3TP corresponds to the case of the chemical profiles resulting from a progenitor at end of the third TP (black solid line).
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3. Pulsational analysis

In this section we study the uncertainties during the prior evolu-
tion of the progenitor star that a↵ects the chemical structure of
the emerging WDs and their pulsation period spectra. In partic-
ular, we explore

1. The occurrence of TP during the AGB phase of the progeni-
tor star.

2. The occurrence of OV during core He burning.
3. The 12C(↵, �)16O reaction rate.

We concentrate on template models characterized by M? =
0.548, 0.837 M�, with an H-envelope mass of MH ⇠ 4⇥10�6 M?
at Te↵ ⇠ 12 000 K, and considered the pulsation period spectrum
for modes with ` = 1.

In Fig. 1 we show the internal chemical profiles and the log-
arithm squared Brunt-Väisälä frequency in terms of the outer
mass fraction for both models at the ZZ Ceti domain. Our mod-
els are characterized by three chemical transition regions from
center to the surface: a chemical interface of C and O, a double-
layered chemical structure involving He, C, and O, and an in-
terface of He/H. The existence of these three transition zones
induces bumps in the shape of the Brunt-Väisälä frequency,
which strongly a↵ects the whole structure of the pulsation spec-
trum of the star, in particular the mode-trapping properties
(Brassard et al. 1992; Bradley 1996; Córsico et al. 2002). These

features play a crucial role, acting as filters by trapping the mode
oscillation energy close to the surface, or confining this oscilla-
tion energy in the core.

Next, we compare the pulsation properties of the models con-
sidered for each case. Since the models compared have the same
stellar mass1, e↵ective temperature and mass of the H envelope,
the di↵erences found in the pulsation properties are strictly due
to the di↵erences in the chemical structure resulting from di↵er-
ent kinds of progenitor evolution.

3.1. Occurrence of TP in AGB
In this section we explore the impact on the chemical profiles
when the progenitor evolves through the TP-AGB phase. Be-
cause during this phase a pulse-driven convection zone develops,
the building of an intershell region and a double-layered chem-
ical structure is expected at the bottom of the He bu↵er. The
size of this region decreases with the number of TP, i.e., as the
star evolves through the TP-AGB, as a consequence of the He-
burning shell. The number of TP experienced by the progenitor
star is uncertain and depends on the rate at which mass is lost
during the TP-AGB phase, on the initial metallicity of progeni-
tor star, as well as, to a lesser extent, on the occurrence of extra
mixing in the pulse-driven convection zone (Herwig 2000). To
quantify the impact of all these uncertainties on the pulsational
properties of ZZ Ceti stars, we explored the situation in which
the progenitor experiences three and ten TP (hereinafter refer-
enced as 3TP and 10 TP models) by forcing the departure from
the TP-AGB phase at specific stages. In addition, we considered
the extreme situation in which the star is forced to abandon the
AGB phase before the occurrence of the first TP (hereinafter re-
ferred to as 0TP model).

In Fig. 1 we show the chemical profiles (upper panel) for
the most abundant elements, and the logarithm of the squared
Brunt-Väisälä (B-V) frequency (lower panel) in terms of the
outer mass. As mentioned, the evolution through the TP-AGB
leaves its signature on the chemical profile of our models with
the formation of an intershell region rich in He and C at the
bottom of the He bu↵er. The presence of C in the intershell
region stems from the short-lived convective mixing that has
driven the C-rich zone upward during the peak of the He pulse

1 We rescaled the stellar mass when necessary.
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Fig. 1. Upper panels: inner O, C and He abundance distribution in terms of the outer mass fraction for the two stellar models considered in our
analysis at Te↵ ⇠ 12 000 K. 0TP refers to the expected chemical profiles resulting from a progenitor before the occurrence of the first TP (red
dashed line). 3TP corresponds to the case of the chemical profiles resulting from a progenitor at end of the third TP (black solid line).
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3. Pulsational analysis

In this section we study the uncertainties during the prior evolu-
tion of the progenitor star that a↵ects the chemical structure of
the emerging WDs and their pulsation period spectra. In partic-
ular, we explore

1. The occurrence of TP during the AGB phase of the progeni-
tor star.

2. The occurrence of OV during core He burning.
3. The 12C(↵, �)16O reaction rate.

We concentrate on template models characterized by M? =
0.548, 0.837 M�, with an H-envelope mass of MH ⇠ 4⇥10�6 M?
at Te↵ ⇠ 12 000 K, and considered the pulsation period spectrum
for modes with ` = 1.

In Fig. 1 we show the internal chemical profiles and the log-
arithm squared Brunt-Väisälä frequency in terms of the outer
mass fraction for both models at the ZZ Ceti domain. Our mod-
els are characterized by three chemical transition regions from
center to the surface: a chemical interface of C and O, a double-
layered chemical structure involving He, C, and O, and an in-
terface of He/H. The existence of these three transition zones
induces bumps in the shape of the Brunt-Väisälä frequency,
which strongly a↵ects the whole structure of the pulsation spec-
trum of the star, in particular the mode-trapping properties
(Brassard et al. 1992; Bradley 1996; Córsico et al. 2002). These

features play a crucial role, acting as filters by trapping the mode
oscillation energy close to the surface, or confining this oscilla-
tion energy in the core.

Next, we compare the pulsation properties of the models con-
sidered for each case. Since the models compared have the same
stellar mass1, e↵ective temperature and mass of the H envelope,
the di↵erences found in the pulsation properties are strictly due
to the di↵erences in the chemical structure resulting from di↵er-
ent kinds of progenitor evolution.

3.1. Occurrence of TP in AGB
In this section we explore the impact on the chemical profiles
when the progenitor evolves through the TP-AGB phase. Be-
cause during this phase a pulse-driven convection zone develops,
the building of an intershell region and a double-layered chem-
ical structure is expected at the bottom of the He bu↵er. The
size of this region decreases with the number of TP, i.e., as the
star evolves through the TP-AGB, as a consequence of the He-
burning shell. The number of TP experienced by the progenitor
star is uncertain and depends on the rate at which mass is lost
during the TP-AGB phase, on the initial metallicity of progeni-
tor star, as well as, to a lesser extent, on the occurrence of extra
mixing in the pulse-driven convection zone (Herwig 2000). To
quantify the impact of all these uncertainties on the pulsational
properties of ZZ Ceti stars, we explored the situation in which
the progenitor experiences three and ten TP (hereinafter refer-
enced as 3TP and 10 TP models) by forcing the departure from
the TP-AGB phase at specific stages. In addition, we considered
the extreme situation in which the star is forced to abandon the
AGB phase before the occurrence of the first TP (hereinafter re-
ferred to as 0TP model).

In Fig. 1 we show the chemical profiles (upper panel) for
the most abundant elements, and the logarithm of the squared
Brunt-Väisälä (B-V) frequency (lower panel) in terms of the
outer mass. As mentioned, the evolution through the TP-AGB
leaves its signature on the chemical profile of our models with
the formation of an intershell region rich in He and C at the
bottom of the He bu↵er. The presence of C in the intershell
region stems from the short-lived convective mixing that has
driven the C-rich zone upward during the peak of the He pulse

1 We rescaled the stellar mass when necessary.
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MH ≈ 10-4 MWD

MH≈10-6 MWD

MH < 10-10 MWD

Late thermal pulses

e.g. Herwig et al. (1999), 
Althaus et al. (2005), Miller 
Bertolami et al. (2017) 



Off-centre carbon ignition in a weakly-degenerate core (T ∼ 6.4 X 108 K)

Super-AGB evolution and ONe WDs  

Doherty et al. (2015)

8.5M⊙

e.g. Garcia-Berro et al. (1997), Siess (2006), Denissenkov et al. (2013) Chen et al. 
(2014), Doherty et al. (2015), Farmer et al. (2015), 



end core He-
burning

beginning super-
AGB phase

Siess
(2006)



Camisassa et al. (2019), chemical profiles from Siess (2007, 2010)

Chemical stratification ONe-core  WDs

But it is possible that 
C-burning does not 
reach the centre
(uncertainties in the 
reaction rates and 
mixing treatment) . In 
that case, the inner 
core composition 
would be roughly that 
of a CO-core WD





logg (cm s−2) 7.92 ± 0.01 7.905 ± 0.014

Teff (K) 29, 968 ± 198 30 114 ± 210

X(He)env 0.18 ± 0.04 0.38 ± 0.07

log(q1) −7.63 ± 0.20 −7.83 ± 0.36

log(q2) −3.23 ± 0.10 −3.48 ± 0.07

X(O)centre 0.86 ± 0.04 0.84 ± 0.04

M(He)/M* (%) 0.0113 ± 0.006 0.0133 ± 0.0063

M(C)/M* (%) 21.96 ± 4.2 20.76 ± 1.1

M(O)/M* (%) 78.03 ± 4.2 79.23 ± 1.1

M*/M⊙ 0.570 ± 0.005 0.562 ± 0.006

R*/R⊙ 0.0138 ± 0.0001 0.0139 ± 0.0001

Food for thought

KIC 08626021

DB white dwarf Giammichele et al. 
(2018 –red),      
Charpinet et al. 
(2019- black)

This stratification 
cannot be reproduced by 
stellar evolution models 

(De Geronimo et al. 2019)




